Shailendra Kumar 
SudhirkumarVBarai 



Concrete Fracture Models and Applications 



Shailendra Kumar • Sudhirkumar V. Barai 



Concrete Fracture Models 
and Applications 



^ Springer 



Asst. Professor Shailendra Kumar 

National Institute of Tecfinology 

Civil Engineering Department 

Jamshedpur 

India 

shailendrakmr@yahoo.co.in 



Prof. Sudhirkumar V. Barai 

Indian Institute of Technology 

Civil Engineering Department 

Kharagpur 

India 

skbarai@civil.iitkgp.emet.in 



ISBN 978-3-642-16763-8 e-ISBN 978-3-642-16764-5 

DOI 10.1007/978-3-642-16764-5 

Springer Heidelberg Dordrecht London New York 

© Springer- Verlag Berlin Heidelberg 201 1 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 

concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting 

reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication 

or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 

1965, in its current version, and permission for use must always be obtained from Springer Violations 

are liable to prosecution under the German Copyright Law. 

The use of general descriptive names, registered names, trademarks, etc. in this publication does not 

imply, even in the absence of a specific statement, that such names are exempt from the relevant 

protective laws and regulations and therefore free for general use. 

Cover design: eStudio Calamar S.L, Figueres/Berlin 

Printed on acid-free paper 

Springer is part of Springer Science+Business Media (www.springercom) 



Dedicated to All Those who Relentlessly 
Endeavour to Unite a Fractured World 



Foreword 



Fracture mechanics as a discipline of mechanics goes back to the early years of the 
20th century. It started with the description and explanation of the cracking behavior 
and failure of glass which could not be explained by means of the strength of mate- 
rials approach. The material to which the new theory was applied had to be elastic 
and brittle. After glass, the failure of brittle types of metals was investigated. Later, 
linear elastic fracture mechanics was extended to elastic-plastic material behavior 
with well-established theories. 

Although concrete exhibited brittleness in conventional force-controlled tensile 
tests, it was only in the early 1960s that fracture mechanics principles penetrated 
slowly into the field of concrete. First attempts were made to apply linear elastic 
fracture mechanics to concrete, but there was no great success. However, the idea 
to apply fracture mechanics to concrete and concrete structures was very impor- 
tant. Many researchers started to think of concrete and fracture mechanics. At the 
same time, the testing facilities developed enormously. It became possible to per- 
form displacement-controlled tensile tests on concrete. One realized that concrete is 
not perfectly brittle but strain softening, i.e., failure in tension, occurred only after a 
considerable nonelastic displacement in the post-peak region. The idea of cohesive 
stresses in a concrete crack emerged. 

After recognizing the real behavior of concrete, nonlinear fracture mechanics 
theories were developed. The present book presents these theories in detail. The 
book is a comprehensive treatment of the state of knowledge and adds some new 
findings to the field. The authors succeeded to write the book in a way that some- 
times complicated theories can be followed with ease. I congratulate the authors 
to this achievement and wish that not only many teachers will use the book in their 
classes but also code makers will use it as a compendium of the principles of fracture 
mechanics of concrete in order to introduce these principles finally into the design 
standards. 

Stuttgart, Germany Hans-Wolf Reinhardt 

July 10, 2010 
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Concept of linear elastic fracture mechanics was first applied to pre-cracked con- 
crete elements in the early 1960s. Thereafter, extensive experimental and numerical 
research investigations proved that the classical form of linear elastic fracture 
mechanics cannot be applied to normal size concrete members. From the past 
research and studies it also became clear that the modified form of linear elastic 
fracture mechanics or nonlinear fracture mechanics can be useful and powerful tools 
for the analysis of the growth of distributed cracking and its localization in concrete 
if the softening behavior of the material is taken into account. The nonlinear fracture 
models coupled and introduced the tension-softening constitutive law in the fracture 
mechanics concepts to study the crack initiation and its propagation in concrete and 
concrete structures. 

In due course of time, a number of nonlinear fracture models have been pro- 
posed and used to predict the nonlinear fracture behavior of cementitious materials. 
These are fictitious crack model or cohesive crack model, crack band model, 
two-parameter fracture model, size-effect model, effective crack model, /("R-curve 
method based on cohesive force distribution in the fracture zone, double-/^ fracture 
model, and double-G fracture model. Fracture mechanics concept introduced energy 
approach for crack development and its growth which can avoid the unobjectivity in 
the results, predict the post-peak response with a less complexity and exhibit size- 
effect behavior. The brittleness of the material can quantitatively be defined and 
more uniform safety of factors can be achieved in the structural design with the help 
of fracture mechanics concept. 

It is a well-known phenomenon that the fracture parameters of concrete depend 
on the softening function of concrete, concrete strength, specimen size, specimen 
geometry, geometrical factors like relative size of notch length and the loading 
condition. The literature reports extensive numerical and experimental investiga- 
tion on nonlinear fracture behavior of concrete. All the important nonlinear fracture 
models are widely applied to characterize the related fracture parameters and these 
studies are available in scattered literature. This book attempts to present the theo- 
retical development and applications of various nonlinear concrete fracture models 
in a unified manner using different fracture parameters. In this regard, the authors 
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investigated the behavior of fracture parameters of concrete at different phases of 
crack propagation phenomena of concrete. 

There are six major chapters in the textbook which are mainly based on the recent 
research and studies carried out by the authors in the recent years. The detailed 
introduction of the book is mentioned in the opening chapter. In the subsequent 
chapters, cohesive crack model for three-point bending test, four-point bending test, 
and compact tension specimens using important softening functions of concrete 
are developed. The numerical results are compared with the experimental results 
available in the literature. Further, a systematic study on the different cohesive 
crack fracture parameters is carried out. Introduction of weight function method is 
explained to determine the double-^ fracture parameters and the A'R-curve method 
based on cohesive stress distribution. Furthermore, attempts are made to put forward 
some new developments regarding behavior of different fracture parameters using 
the cohesive crack model as the reference. A comprehensive comparison between 
the double-^ and double-G fracture criteria is presented. Emphasis on the effect of 
various parameters including specimen geometry, size effect, and loading condition 
on the double-/r and the /TR-curve method is also focused. Finally, a comparative 
study among different fracture parameters obtained from important nonlinear mod- 
els is presented. Hence, the textbook presents results of a comprehensive study on 
the crack initiation and its growth in concrete-like materials using various fracture 
models. At last, the flowcharts of various fracture models are presented in Appendix. 

In this book, the authors have taken a small step to present a basic introduction on 
the various nonlinear concrete fracture models considering the respective fracture 
parameters. It can be helpful to undergraduate and postgraduate students who are 
studying this subject. An immense help to the beginners and researchers in the area 
of fracture mechanics of concrete is expected from this book which will provide 
a sound basis on the relevant subject to carry out further innovative research work 
in the future. Appendix can be of much use to the readers for computing different 
fracture parameters using computer programs. 

At last, the authors would be thankful to the readers and their invaluable 
suggestions or comments for the further improvement of the book. 

Jamshedpur, India Shailendra Kumar 

Kharagpur, India Sudhirkumar V. Barai 
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Chapter 1 

Introduction to Fracture Mechanics of Concrete 



1.1 General 

Fracture mechanics is a branch of solid mechanics which deals with the behavior of 
the material and conditions in the vicinity of a crack and at the crack tip. While the 
concept of linear elastic fracture mechanics has been well developed for more than 
past 40 years and successfully applied to metallic structures, several civil engineer- 
ing materials such as cementitious materials, rocks, and fiber-reinforced composites 
commonly known as quasibrittle need a different fracture mechanics approach to 
model the fracture process. Cementitious materials can be modeled at various scales 
like the nano-, micro-, meso-, and macrolevels. At mesolevel, they can be consid- 
ered as a two-phase particulate composite, i.e., the matrix and the reinforcement. 
In the cement pastes, mortar, and concrete, the matrices can be considered as the 
hydrated cement gels, cement paste, and mortar, respectively, whereas the reinforce- 
ments in the corresponding materials can be taken as unhydrated cement particles, 
fine aggregates, and coarse aggregates. 

Concrete is made up of many ingredients such as cement, fine aggregates, coarse 
aggregates, water, and admixtures in complex arrangements. Apart from the two- 
phase particulate composite, multitudes of internal voids ranging up to several 
millimeters are present in the hardened concrete (Shah et al. 1995). These voids 
including pores in cement, cracks at matrix-aggregate interface, and shrinkage 
cracking have significant influence on the mechanical behavior of concrete. The 
presence of defects plays an important role and gives rise to a microcracked zone 
ahead of the tip of a macro-crack, resulting in a progressive material failure as the 
crack grows. Preceding to unstable or critical load, a sub-critical crack grows when 
a pre-cracked concrete specimen is loaded. The pre-critical crack growth is often 
termed as fracture process zone or damage process zone or slow crack growth. 

During 1960-1 970s, several experimental and numerical investigations proved 
that the classical form of linear elastic fracture mechanics cannot be applied to nor- 
mal size concrete members. The inapplicability of linear elastic fracture mechanics 
was discovered and reasoned as the presence of large and variable size of fracture 
process zone. From the past research and studies it became clear that the frac- 
ture mechanics can be a useful and powerful tool for the analysis of the growth 
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2 1 Introduction to Fracture Mechanics of Concrete 

of distributed cracking and its localization in concrete if the softening behavior of 
the material is taken into account. The actual application of tension-softening con- 
stitutive law was unknown until about late 1970s. Then using nonlinear fracture 
mechanics, Hillerborg and co-workers (1976) put forward a pioneer work in which 
the development of fictitious crack model based on cohesive crack model (Dugdale 
1960, Barenblatt 1962) for the crack propagation study of unreinforced concrete 
beam was introduced. Thereafter, a number of fracture models have been proposed 
and used to predict the nonlinear fracture behavior of cementitious materials. The 
other nonlinear models are crack band model (Bazant and Oh 1983), two-parameter 
fracture model (Jenq and Shah 1985), size-effect model (Bazant 1984, Bazant et al. 
1986), effective crack model (Nallathambi and Karihaloo 1986), A'R-curve method 
based on cohesive force (Xu and Reinhardt 1998, 1999a), double-/^ fracture model 
(Xu and Reinhardt 1999a), and double-G fracture model (Xu and Zhang 2008). 
More appropriately, the cohesive crack and crack band models are attributed to 
numerical approach such as finite element or boundary element technique, whereas 
the others models employ the concept of linear elastic fracture mechanics in its 
modified form. 

Design of concrete structures has already passed through two important phases 
in its historical evolution. The first phase of development took place until 1930s 
with the elastic no-tension analysis and in its second phase during 1940-1970, the 
plastic limit theory was introduced. Since concrete structures have been designed 
and successfully built according to national codes of practice without using the 
concept of fracture mechanics, it might seem unnecessary to change the current 
design practice (ACI Committee-446 1992, Bazant and Planas 1998). However, a 
reasonable consensus has appeared from the researchers and professionals around 
the world to explore the possibility of introducing the fracture mechanics into the 
design practices. There are good reasons to believe that the third phase of evolu- 
tion in the design of concrete structures may probably come by introduction of 
fracture mechanics parameters. The most important reasons (ACI Committee-446 
1992, Karihaloo 1995, Bazant and Planas 1998) for the need of evoking fracture 
mechanics are briefly mentioned as below: 

• Lack of energy criterion for the crack development and its growth in the existing 
national design codes. 

• Application of fracture mechanics will avoid the unobjectivity in the results. 

• Due to lack of yield plateau and presence of material softening damage or crack- 
ing behavior, the plastic hinges do not form at isolated locations. Instead, the 
failure is associated with the propagation of the failure zone throughout the 
structure. 

• The existing failure theory cannot give information on the post-peak response 
in order to obtain the energy absorption under the complete load-deflection 
curve. This information can be conveniently determined using fracture mechanics 
theory. 

• The concrete structures exhibit size effect due to various reasons including 
boundary layer or wall effect, diffusion phenomena, hydration heat, statistical 
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size effect, fracture mechanics size effect, and fractal nature of crack surfaces 
(Bazant and Planas 1998). Out of these, the most important size effect is due to 
the release of stored energy of the bulk of the structure into the fracture surface 
energy (fracture mechanics size effect). This particular behavior can be easily 
modeled using the fracture mechanics principle. 
• Besides above, the brittleness of the material can be obtained quantitatively with 
the help of fracture mechanics concept. This parameter may be useful for mea- 
suring the ductility property of concrete, especially for high-strength concrete, 
which shows relatively more brittle failure. Moreover, more uniform safety of 
factors can be achieved in the structural design. 

The preceding investigations show that the nonlinear fracture behavior is sig- 
nificantly influenced by softening function of concrete. Many shapes of softening 
curve have been proposed by different groups of researchers. In real sense, the 
actual shape of the softening can be determined from a direct tension test on the 
concrete specimen. However, indirect methods using notched specimens have been 
also proposed in the past to avoid the intricacy involved in the true (direct) ten- 
sile tests. In the indirect method, the load-displacement curves obtained from the 
experiment and theoretical prediction are compared until they are up to a limited 
error tolerance. Trial-and-error or optimization method is adopted to gain an accu- 
rate softening curve until the theoretically predicted and experimentally observed 
load-displacement curves are in a good agreement within the acceptable error range. 

For practical engineering applications of the fracture mechanics-based concept to 
the design of concrete structures, some kind of simplicity in the structural analysis is 
always welcomed. The nonlinear fracture models based on the numerical approach 
are relatively more involved in the computations. For this reason, probably, the frac- 
ture models based on the modified linear elastic fracture mechanics may bridge the 
gap between the computational efficiency and the model predictive capability of 
results, because they are relatively more computationally efficient but have limited 
capacity to predict the fracture parameters. Nevertheless, recently proposed double- 
K fracture model, ^R-curve method based on cohesive stress distribution in fracture 
process zone and the double-G fracture model belonging to the modified linear 
elastic fracture mechanics concept can predict more number of fracture parameters 
without needing closed-loop testing system in the experiments. Precisely, they can 
predict the important stages of fracture processes like crack initiation, stable crack 
propagation, and unstable fracture. Moreover, with the use of A'R-curve method, 
the complete fracture process can be analyzed. However, calculation method of 
the fracture models, particularly double-A" fracture model and /S^R-curve method, 
needs specialized numerical technique because of singularity problem at the inte- 
gral boundary. To avoid this, a simplified method (Xu and Reinhardt 2000) has been 
proposed in the past which uses two empirical relationships for determining the 
double-/^ fracture parameters. 

One of the major reasons which possibly inhibit the wide application of the 
fracture parameters to a common practice is that the concrete fracture parameters 
are influenced by many factors including softening function of concrete, concrete 
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Strength, specimen size, specimen geometry, geometrical factor like relative size of 
notch length and the loading condition. 

The literature reports extensive numerical and experimental investigation on non- 
linear fracture behavior of concrete. All the important nonlinear fracture models 
are widely applied to characterize the related fracture parameters. However, a sys- 
tematic study using cohesive crack model with important softening functions of 
concrete may be a useful supplement. Further, closed-form equation solutions for 
determining the double-A" fracture parameters and the A'r curve associated with 
cohesive stress in the fictitious fracture zone will lead in computational efficiency 
and avoid the need of the specialized numerical technique. From the observations 
based on the experimental studies (Xu and Reinhardt 1999a, b), it was reported 
that the double-^ fracture parameters are almost independent of the specimen size. 
Though the size-effect study of double-A' fracture parameters based on experimen- 
tal results is available in the literature, no such numerical study has been attempted 
in the past. The relationship between double-^ and double- G fracture parame- 
ters using experimental tests has been demonstrated, the same using numerically 
obtained data has not been presented in the literature. The various studies including 
influence of specimen geometry and the type of loading condition on the double- 
K fracture parameters and the K^ curves are not available in the literature. It is 
interesting to carry out those studies. The load-displacement curves are the prelim- 
inary requirements for the above studies. For the investigation of the influence of 
specimen geometry, the results of load-displacement curves tested under the simi- 
lar conditions for different specimen geometries are needed. Similarly, for the effect 
of loading condition, the load-displacement plots tested under the similar condi- 
tions except for different loading conditions are required. Most of the experimentally 
measured load-displacement curves available in the literature are not favorable to 
investigate the influence of specimen geometry and loading condition on the above 
fracture parameters. In other way, these investigations should be carried out with 
the load-displacement curves generated using nonlinear fracture models like the 
cohesive crack model or the crack band model. The advantage of gaining such load- 
displacement curves is that they may be free from unseen errors due to experimental 
measurements. The above lacunas were considered in the doctoral research program 
of Kumar (2010), who presented some of the behavior of fracture parameters based 
on numerical studies. In this text book, most of the contents are taken from the 
works of Kumar (2010) and Kumar and Barai (2008a-c, 2009a-f, 2010a, b) but 
more in an elaborative manner. In the subsequent chapters, cohesive crack model 
for three-point bending test and compact tension specimens using important soften- 
ing functions of concrete are developed. The numerical results are compared with 
the experimental results available in the literature. Further, a systematic study on 
the different fracture parameters is carried out. Weight function method is intro- 
duced to determine the double-A" and the A'R-curve method based on cohesive stress 
distribution. Application of universal form of weight function enables one to obtain 
closed-form equation for the cohesive toughness of the material during crack exten- 
sion. The validity of the formulations is established by comparing results obtained 
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from existing analytical or simplified methods using both the experimental and 
numerical input data. Furthermore, attempts are made to put forward a possible 
new equation of brittleness of concrete with the help of double-A" fracture parame- 
ters and formulize the size-effect predictions from the double-A' fracture using the 
cohesive crack model as the reference. A comprehensive comparison between the 
double-/<r and double-G fracture criteria is presented. Emphasis on the effect of var- 
ious parameters including specimen geometry, size effect, and loading condition on 
the double-A' and the Kn-curve method is also focused. 



1.2 Organization of the Book 

The textbook presents results of a comprehensive study on the crack initiation and 
its growth in concrete-like materials using various fracture models. A brief outline 
of the book consisting of six chapters as shown in Fig. 1 . 1 is given below: 

• Chapter 1 presents the general introduction of the book briefly. 

• Chapter 2 gives a state-of-the-art review on various aspects of the material 
behavior and development of different concrete fracture models. The critical 
observations on the available literature and the scope of the present book are 
also highlighted. 

• Chapter 3 presents the development of cohesive crack or fictitious crack model 
for two standard tests: (i) three-point bending test and (ii) compact test spec- 
imens using commonly used softening functions of concrete. The results are 
analyzed and compared with the experimental results available in literature. The 
size-effect study between the size-effect model and the cohesive crack model is 
also carried out. 

• Chapter 4 contains the extensive study on the double-A" and double-G fracture 
parameters. Initially, the weight function approach is introduced for determining 
the double-A" fracture parameters. This approach is compared with the existing 
analytical method and simplified approach. Prediction of size effect from the 
double-^ fracture parameters is formulized. Study of the influence of many fac- 
tors including specimen geometry, loading condition, size effect, and softening 
function on the double-A" fracture parameters is presented. At last, a comparative 
study between double-A" and double-G fracture parameters is carried out. 

• Chapter 5 presents the application of weight function approach for determining 
the A'r curve associated with cohesive stress distribution in the fracture zone. This 
method is validated with the existing analytical method using test data available 
in the literature. Further, effect of specimen geometry, loading condition, size 
effect, and softening function on the K^ curve is investigated. 

• Chapter 6 presents a comparative study between various fracture parameters 
obtained from cohesive crack model, two-parameter fracture model, size-effect 
model, effective crack model, do\\h\e,-K fracture model, and double-G fracture 
model. Finally this chapter ends with final closing remarks. 
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associated with Cohe- 
sive Stress and Fracture 
Properties of Concrete 



Chapter 6 Comparison 
of Various Fracture Pa- 
rameters of Concrete us- 
ing Different Fracture 
Models 



Fig. 1.1 Outline of the book 



1.3 Closing Remarks 



Chapter 4 Crack Propaga- 
tion Study in Concrete us- 
ing double-K and double-G 
fracture parameters 



Study using Cohesive Crack Fracture Pa- 
rameters 



Size-effect Study between Cohesive Crack 
and Size-Effect Models 



Development of Double-K Fracture Pa- 
rameters using Weight Function and Vali- 
dation using Various Test Geometries 



Size-effect Study between Cohesive Crack 
Model and Double-K Fracture Parameters 



Influence of Specimen Geometry and other 
Parameters on the Double-K Fracture Pa- 
rameters and Comparative Study between 

Different Methods for their Determination 



Comparative Study between Double-A' and 
Double-G fracture parameters 



Development of ^;;-curve Fracture Parame- 
ters using Weight Function and Validation 
using Tests Data 



Influence of Different Parameters includ- 
ing. Specimen Geometry, Loading Condi- 
tion and Size effect on the Kg curve 



A comparative study among different frac- 
ture parameters of concrete obtained using 
FCM, SEM, TPFM, ECM, DKFM and 
DGFM 



A brief application of the fracture mechanics concepts to concrete was addressed 
in this chapter. The important reasons why fracture mechanics to concrete can be 
apphed were focused. At the end, organization of the book was addressed. 
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Chapter 2 

Fracture Mechanics of Concrete - 

State- of- the- Art Review 



2.1 Introduction 

The genesis of the development of fracture mechanics goes back to the beginning 
of 20th century when Inglis (1913) published a pioneer work on stress analysis 
for an elliptical hole in an infinite linear elastic plate loaded at its outer bound- 
aries, in which a crack-like discontinuity was modeled and stress singularity was 
observed at the crack tip by making the minor axis very much less than the major 
axis. The actual development in this field could not occur until a new approach 
was postulated by Griffith (1921). Since then, it took around another four decades 
when for the first time the concept of fracture mechanics was applied to cementi- 
tious materials. Thereafter, the study of crack propagation in cement-based materials 
and structures attracted interest of a large number of researchers around the world 
until today. In this chapter, a state-of-the-art review on various aspects of fracture 
process of concrete-like materials now-a-days called as quasibrittle materials is 
presented. 



2.2 Linear Elastic Fracture Mechanics 

From analysis of a sharp crack in a sheet of brittle material (glass) subjected to a con- 
stant remotely applied stress, Griffith (1921) presented the first explanation of the 
mechanism of brittle fracture using a new energy-based failure criterion. According 
to this criterion, a certain amount of the accumulated potential energy in the sys- 
tem must decrease to overcome the surface energy of the material in order for the 
crack to propagate. It was shown that the stresses near the crack tip tend to approach 
infinity. 

The Griffith's theory for ideally brittle materials was extended to account for 
the limited plasticity near the crack tip in majority of the engineering materials 
(Irwin 1955, Orowan 1955). It was postulated that the resistance to crack extension 
is taken as sum of the elastic surface energy and the plastic work. For ductile materi- 
als, the plastic dissipation energy is much greater than the elastic energy; therefore, 
resistance to crack growth is mainly governed due to plastic work. 
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Later, based on the existing mathematical procedures (Westergaard 1939), a 
series of linear elastic crack stress fields was developed (Irwin 1957) and it was 
shown that the stress field near a sharp crack tip shows a fundamental singular vari- 
ation, i.e., the stress near the crack tip decreases in proportion to the square root of 
the distance to the crack tip r{r<<a, and a is the crack length). In a cracked body, 
the singularity is independent of the boundary conditions, geometry, loading, and 
the type of cracking mode for which three fundamentally different types of failure 
modes such as mode I, mode II, and mode III as shown in Fig. 2.1 exist. For mode I 
cracking, the stresses and displacements near the crack tip as shown in Fig. 2.2 and 
expressed by Eqs. (2.1) and (2.2) are given in polar coordinates with origin at the 
crack tip, at a distance r and angle 6: 



Ki e { 9 36 

oVv = ens— I 1 — sm-sin — 
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(2.1) 



(2.2) 



The parameter A: is (3 — v)/{l + v) and (3^1;) in plane stress and plane strain 
conditions, respectively. The value K\ is called as the stress intensity factor (SIF) for 
mode I situation. Similar expressions for the stresses and displacements in the mode 
II and mode III failure conditions can be written in which the stress intensity factors 
are denoted by ^n and Km, respectively. 



Model 



Mode III, 




(a) the predominant 
stress is a,,,. 



(b) tile predominant 

stress is T„ 



(c) ttie predominant stress is 



Fig. 2.1 Cracking modes: (a) mode I (or opening mode), (b) mode II (or sliding or in-plane shear 
mode), (c) mode III (or the tearing or anti-plane shear mode) 



2.2 Linear Elastic Fracture Meclianics 



11 



ttttttt 



k^^^ 



UiUU 




Fig. 2.2 Stress field in the vicinity of crack tip for mode I fracture using Westergaard complex 
coordinates 



2.2.1 Significance of Stress Intensity Factor 

The term stress intensity factor is different from the term stress concentration factor, 
which is used to characterize the ratio between actual and average or nominal stress 
at a geometric discontinuity. On the other hand, the stress intensity factor defines the 
amplitude of the crack-tip singularity, that is, the stress field in the vicinity of the 
crack tip increases proportionally to stress intensity factor. When a structural com- 
ponent is stressed in tension or bending, the developed stress field in the vicinity of 
a crack tip under elastic conditions shows a singularity following an inverse square 
root relationship with distance from the crack tip. In other words, stress intensity 
factor describes the strength of this singularity. Since the stress and displacement 
field in the vicinity of the crack tip is controlled by the stress intensity factor, it may 
be further assumed that critical stress or displacement condition at the crack tip can 
be explained using a critical value of stress intensity factor for any modes of failure. 
Hence the concepts of linear elastic fracture mechanics may be reasonably charac- 
terized using a single parameter, that is, stress intensity factor. Furthermore, local 
yielding occurs in engineering materials that relieves the singularity and hence the 
size of the plastic zone can be directly related to the stress intensity factor. 



2.2.2 Concept ofR Curve 



In early 1960s, the 7?-curve approach (Irwin 1960, Krafft et al. 1961) based on 
energy balance was proposed. In the /?-curve concept, an energy release rate G as a 
measure of the energy available for an increment of crack extension was postulated. 
According to definition, crack extension occurs when strain energy release rate G is 
equal to R, where R is called the material resistance to crack extension. The R curve 
is represented by a plot between the crack extension resistance expressed in terms 
of either strain energy release rate G or stress intensity factor K and the correspond- 
ing crack extension Aa as shown in Fig. 2.3. It is generally called as Gr curve and 
/lr curve depending upon the unit of the crack resistance parameters strain energy 
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Fig. 2.3 Representation of R curve 
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(b) Rising R curve 



release rate and stress intensity factor, respectively. The shape of the R curve deter- 
mines the onset of crack instability. For most of the engineering materials except 
truly brittle material, a rising R curve is observed due to slow stable crack exten- 
sion. As one crack extends, a rising R curve produces several small cracks because 
the required stress intensity to propagate the crack will increase to a point where it 
is favorable to propagate a different crack. On the other hand, a flat R curve for ideal 
brittle materials will give rise to a single and possibly catastrophic crack. Depending 
on how G and R vary with the crack size, the crack growth may be stable or unstable. 

In Fig. 2.3a for a flat R curve, the crack is stable between the stress levels (j[ 
and 02 and beyond the stress CT2, the crack propagates unstably. In this case the total 
value of critical energy release is Gq- In Fig. 2.3b for a rising R curve, the crack 
extension is stable between the stress levels 02 and a^ and beyond the stress 05, the 
crack propagates unstably. At the onset of unstable crack growth, the driving force 
is the tangent to the R curve and corresponding value of the total crack extension 
resistance at the point of tangency between G and R curves is Gc' at the critical 
effective crack extension Oc . 

The fracture criterion and instability of a propagating crack in cracked solid struc- 
tures represented using the A'r curve can be expressed mathematically using Eq. 
(2.3): 

dK dKR 

< — — The crack extension takes place in stable manner 
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Critical condition is reached at onset of unstable crack extension 
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— > The crack propagates uncontrollably 

da da 



(2.3) 
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2.3 Elastic-Plastic Fracture Mechanics 

Linear elastic fracture mechanics (LEFM) is applicable to the materials in which 
the nonlinear behavior is confined to a small region near the crack tip. There are 
many materials, however, for which the applicability of LEFM is impossible or at 
least suspicious. Moreover, the .R-curve concept describes the fracture behavior of a 
material of limited ductility in the vicinity of a crack tip for plane stress situation. 
Therefore, an alternative elastic-plastic fracture mechanics is applied for too duc- 
tile material behavior which exhibits time-independent, nonlinear behavior (plastic 
deformation). In the nonlinear behavior at the crack tip, the fracture criterion is 
characterized by two parameters: 

1. crack-tip opening displacement (CTOD) criterion (Wells 1962) and 

2. the J- integral approach (Rice 1968a, b). 

Critical values of CTOD and /-integral give nearly size-independent measures of 
fracture toughness, even for relatively large amount of crack-tip plasticity. However, 
there are still limits to the applicability of /-integral and CTOD criteria, but these 
limits are much less restrictive than the validity requirements of LEFM (Anderson 
2005). 



2.3.1 The CTOD Criterion 

The stability analysis for crack growth in the CTOD criterion is based on the charac- 
teristic critical value of crack-tip opening displacement CTODc. According to this 
approach the crack is stable as long as CTOD < CTODc (Wells 1962). 



2.3.2 The J -Integral Approach 

A path-independent contour integral called /-integral was introduced (Rice 
1968a, b) for the analysis of crack extension. The value of /-integral is equal to the 
energy release rate in a nonlinear elastic cracked body and can be viewed as both an 
energy parameter and a stress intensity parameter. Considering an arbitrary counter- 
clockwise path r as shown in Fig. 2.4 around the crack tip, the path-independent 
/-integral is given by 



/( 



Wdy-Ti^-^ds] (2.4) 



where W is the strain energy density — f aijdsij; T/ is the component of the 


traction vector — aijrij, being the components of the unit vector normal to F; 
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Fig. 2.4 Tlie definition of the 
/-integral 




Ui is the displacement vector components; ds is the length increment along the 
contour P. The characteristic critical value of the /-integral 7c is considered to define 
the following form of the crack initiation criterion: 

/ = /c (2.5) 

where /c is considered as a material fracture parameter. 

2.4 Early Research Using LEFM to Concrete 

The application of LEFM concept to concrete was first attempted in early 1970s 
by Kaplan (1961). Notched concrete beams tested in three-point bending and four- 
point bending configurations were used to measure the critical strain energy release 
rate of concrete. The results indicate that the critical strain energy release rate of 
concrete depends on the concrete mix proportion, type of loading condition, relative 
size of initial notch length, and specimen dimension. It was pointed out that the 
proper account of slow crack growth prior to fast fracture could be introduced in 
the process of fracture analysis. However, the Griffith concept of a critical energy 
rate being a condition for rapid crack propagation may be applicable to concrete 
after suitable modification in analytical and experimental procedures. Thereafter, 
many experimental and numerical investigations have been performed to predict 
fracture behavior of concrete. Researchers in the 1960s used LEFM to cementitious 
materials similar to the experimental determination of critical stress intensity factor 
Kic in metals. 

Glucklich (1963) examined the fracture of concrete using fracture mechanics 
approach and revealed that the strain energy is converted mainly to surface energy 
but the surface involved is much larger in area than the surface of the effective 
crack. The rate of energy absorption at the crack tip in concrete is mainly due to 
entire highly stressed zone in the form of microcracking and not to plastic flow. The 
increase of the microcracked zone and the heterogeneity of the composite materials 
contribute to the relatively high value of the strain energy release rate. The driving 
force (strain energy release rate) increases with the crack length in tension, whereas 
it is a constant value in compression fracture. 
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Naus and Lott (1969) conducted experimental investigation to determine the 
effects of several concrete parameters: water-cement ratio, air content, sand-cement 
ratio, curing age, and size and type of coarse aggregate on the effective fracture 
toughness of concrete using three-point bending test. A regular dependency of the 
effective fracture toughness was observed with the variation of concrete parameters. 

Shah and McGarry (1971) concluded that hardened Portland cement paste is 
a notch-sensitive material, whereas mortar and concrete with the normally used 
amounts and volume of stone aggregates are notch-insensitive materials with notch 
length lower than at least a few centimeters. The critical notch length for mortar and 
concrete depends on the volume, type, and size of aggregate particles. 

Walsh (1971) presented test results of fracture toughness of geometrically simi- 
lar notched concrete beams tested in three-point bending geometry. The test results 
of nominal strength and their sizes were plotted on double logarithmic scale. 
From the graphs, it was found that the results did not follow the straight line of 
slope -1/2, which inferred that the LEFM was not applicable to concrete. He sug- 
gested that the crack propagation load obtained using LEFM depends upon the size 
of the specimen. Further, in order to apply the LEFM to concrete, a minimum value 
of ligament length 150 mm for a beam depth 225 mm should be used for fracture 
testing. 

Brown (1972) used two methods: a notched-beam technique and a double- 
cantilever beam to measure the effective fracture toughness of cement pastes and 
mortars. Tests of both pastes and mortars showed that the fracture toughness of 
cement is independent of crack growth but that the toughness of mortar increases as 
the crack propagates. 

Kesler et al. (1972) performed the experimental investigation on a large num- 
ber of cracked cement paste, mortar, and concrete specimens with an objective to 
determine the applicability of the LEFM to these materials. Based on the analysis of 
the test results, the authors concluded that the concepts of LEFM cannot be directly 
applicable to the cementitious materials having sharp cracks. 

Brown and Pomeroy (1973) determined the effective fracture toughness on 
cement paste and mortar using both a notched-beam and a double-cantilever beam 
method. The influence of size and quality of aggregates on the effective fracture 
toughness was reported in the experimental research. It was found that the addi- 
tion of aggregate not only increases the toughness but also results in a progressive 
increase in toughness with crack growth. The higher the proportion of aggregate, 
the larger the increase in toughness: fine aggregate is possibly more effective than 
coarse in this respect. 

Fracture mechanics studies on plain and polymer-impregnated mortars (Evans 
et al. 1976) showed that macro-crack propagation resistance of these materials is 
not significantly influenced by water/cement ratio and curing time but is greatly 
enhanced by polymer impregnation. The fracture parameters are independent of 
the crack length for cracks larger than ~2 cm. Acoustic emission measurements 
showed that the susceptibility to microcracking is substantially restarted by polymer 
impregnation. 
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In a subsequent paper, Walsh (1976) showed the influence of specimen size on the 
fracture strength parameter. The investigation indicates that specimen size can have 
considerable effect upon the validity of extrapolations to real structures from the 
performance of laboratory of laboratory- scale tests. The validity of LEFM depends 
upon the extent of microcracking, slow crack growth, or other inelastic behavior 
near the crack tip. If specimen is large enough, the zone of stress disturbance can 
be considered to be surrounded by an area in which the stresses are substantially in 
accordance with the ideal stress distribution and the LEFM can be applied to obtain 
the cracking load. On the other hand, if the specimen is small in relation to the zone 
of microcracking, the LEFM cannot be applied as failure criterion. 

Mindess and Nadeau (1976) performed experiments on mortar and concrete 
notched specimens using three-point bending test to show whether the critical stress 
intensity factor depends upon the length of the crack front (specimen width). The 
test results indicated that within the size range studied, there is no dependence of 
fracture toughness upon the length of the crack front and therefore, it appears that 
there is no significant plastic zone for mortar and concrete. 

Gj(t)rv et al. (1977) investigated experimentally the notch sensitivity and frac- 
ture toughness of concrete with different types, volumes, sizes, and strengths of 
aggregate using small three-point bending test. Results showed that both mortar and 
concrete are notch sensitive materials although not as sensitive as cement paste. If 
the fracture of cement paste is governed by LEFM, it appears that this theory is 
inapplicable to small-size specimens of mortar and concrete. Lightweight concrete 
showed the same fracture properties as the cement paste. 

Hillemeier and Hilsdorf (1977) conducted experimental and analytical investi- 
gations to determine fracture mechanics characteristics of hardened cement paste, 
aggregates, and aggregate-cement paste interfaces using a suitable testing method 
of wedge-loaded compact tension specimens. The fracture toughness for cement 
paste and interfaces were found to be decreasing as the initial crack length increased 
and for further increase in the value of crack length, the fracture toughness attained 
constant values. Finally, it was found that hardened cement paste, aggregates, and 
interfaces exhibit unique values of fracture toughness which are independent of ini- 
tial crack length. In additional test series, the ductility of different model concretes 
was studied. 

Cook and Crookham (1978) examined the behavior of premix and impregnated 
polymer concrete. The notched-beam technique was used to determine fracture 
parameters, together with compliance measurements to obtain the slow crack 
growth. Experimental results indicated that the thermal treatment to polymerize 
the monomer in the premix concrete has a marked influence upon fracture tough- 
ness. On the other hand, irradiation has a little influence. The plain and the premix 
polymer concretes are partially notch sensitive, whereas the impregnated polymer 
concrete is notch sensitive. 

Strange and Bryant (1979) carried out fracture tests on concrete, mortar, and 
cement paste using bending and tension specimens. They showed that concrete is 
notch sensitive and fracture toughness is dependent on specimen size. The slow 
crack growth was also evident in the tests. These phenomena indicated that concrete 
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cannot be regarded as an ideal elastic homogeneous material: a region of nonelastic 
behavior must exist in the crack-tip region. 

In the past, many authors (Radjy and Hansen 1973, Naus et al. 1974, Carpinteri 
1982) reviewed the preceding works carried out on the fracture testing and analy- 
sis on the cementitious materials. Until the mid of 1970s, many research attempts 
were made to apply the linear elastic fracture mechanics and elastic-plastic fracture 
mechanics to the cementitious materials for crack propagation study. And gradually, 
it was accepted that no single fracture mechanics parameter could uniquely quantify 
the resistance to crack propagation. For instance, different researchers found widely 
varying values of the critical stress intensity factors of cementitious materials mainly 
depending upon the specimen geometry, specimen size and dimension, and type of 
measurement technique. However, it became clear that a large portion ahead of ini- 
tial crack tip is surrounded by microcracking zone and other inelastic phenomena 
which cause slow crack growth behavior before reaching to the instability condi- 
tion. The source of showing such behavior is recognized to be the softening damage 
of the material in a large fracture process zone (FPZ). In addition, more than one 
parameter is required to quantify the fracture characteristics and crack propagation 
study of cementitious or quasibrittle materials. 



2.5 Tensile Behavior of Concrete 
2.5.1 Strain Localization Effect 

Understanding of complete behavior of concrete specimen subjected to tensile load 
is inevitable in the fracture analysis because the material in the vicinity of crack tip 
experiences tensile stress. In 1960s, many researchers (Hughes and Chapman 1966, 
Evans and Marathe 1968) obtained a stable and complete stress-strain diagram of 
concrete in direct tension using a very stiff tensile testing machine. A typical stress- 
displacement curve of concrete under direct tensile test is shown in Fig. 2.5. Test 
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Fig. 2.5 A typical 
stress-displacement curve of 
concrete 
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results (Heilmann et al. 1969) show interesting results of local deformations at direct 
tensile tests. Furthermore, it has been confirmed from experimental techniques such 
as acoustic emission and electron speckle pattern interferometry that concrete shows 
a substantial nonlinearity before the peak load is attained (Shah and Ouyang 1994). 
Thus, Fig. 2.5 can be explained with three salient points: A, B, and C. Point A cor- 
responds to about 30% of the peak load up to which propagation of microcracks or 
internal voids is negligible. Point B corresponds to about 80% of the peak load. The 
microcracks propagate between the points A and B and are isolated and randomly 
distributed over the specimen volume. In this region, the tensile stress is uniformly 
distributed in the direction of loading over the specimen length. Between the load 
points B and C, the microcracks start to localize into a macro-crack and the distribu- 
tion of tensile strain in the loading direction is no longer uniform over the specimen. 
Up to the peak load (point C), a stable crack growth takes place, i.e., the crack prop- 
agates only when the load increases. At the peak load, the localized damage begins 
to form a band called fracture zone. Beyond the peak load, the tensile strain within 
the fracture zone or localized damage band continuously increases, whereas the 
material outside the fracture zone starts unloading. Therefore, stress-displacement 
relation for the fracture zone can be obtained by subtracting the elastic displacement 
from the total displacement as shown in Figs. 2.5 and 2.6. 

Therefore, the behavior of concrete in tension may be described by two character- 
istic curves: the stress-strain curve up to the peak load and the stress-displacement 
curve after the peak load as shown in Fig. 2.6. A simple model of concrete tension 
specimen with initial length / is shown in Fig. 2.7. 

After the maximum load, the elongation of the specimen Al is written as 



A/ — sqI - 



(2.6) 



If eo is the uniform strain in the material outside the fracture zone and w is the 
width of the fracture zone, then the average strain s^ is expressed as 



Fig. 2.6 (a) Linear 
stress-strain relation of 
concrete outside the fracture 
zone; (b) linear 
stress-displacement relation 
of concrete in the fracture 
zone 
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Fig. 2.7 Localization of 
strain in a concrete specimen 
under direct tension test 
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(2.7) 



It is clear from Eq. (2.7) that after the maximum stress, the average strain depends 
on the specimen length; therefore, the stress-strain curve is not a characteristic of 
the material. This phenomenon is termed as the strain localization effect (Gdoutos 
2005). 



2.5.2 Fracture Process Zone 

A large and variable size of damage zone exists ahead of the macro-crack when the 
specimen is loaded. This damage zone is known as fracture process zone (FPZ). 
The FPZ has a capability to still transfer the closing stress across the crack faces 
which decreases at increasing deformation as shown in Fig. 2.8. Many micro-failure 
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Fig. 2.8 (a) Fracture process 
zone in concrete; (b) 
distribution of cohesive stress 
in the FPZ 
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mechanisms such as matrix microcracking, debonding of cement-matrix interface, 
crack deflection, grain bridging, and crack branching which consume energy during 
the crack propagation are responsible for the stress transfer. 

Direct and indirect techniques have been apphed to measure the shape and size 
of the FPZ. The direct methods are optical microscopy (Derucher 1978), scanning 
electron microscopy (Mindess and Diamond 1980, 1982), and high-speed photog- 
raphy (Bhargava and Rehnstrom 1975), whereas the indirect methods are laser 
speckle interferometry (Ansari 1989), compliance and multicutting techniques (Hu 
and Wittmann 1990), penetrating dyes (Lee et al. 1981), ultrasonic measurement 
(Sakata and Ohtsu, 1995), infrared vibro-thermography (Dhir and Sangha 1974), 
and acoustic emission technique (Maji and Shah 1988, Maji et al. 1990, Ouyang 
et al. 1991, Hadjab et al. 2007). The typical size of FPZ is in the order of 50 cm 
for normal concrete, 3 m for concrete dam with extra large aggregate, 10 m for a 
grouted soil mass, and 50 m for a mountain with jointed rock. On the other extreme, 
its length is in the order of 1 cm for drilling into an intact granite block between two 
adjacent joints, 0.1 mm for a fine-grained silicon oxide ceramic, and 10-100 nm in 
a silicone wafer (Bazant 2002). 



2.5.3 Nonlinear Behavior of Concrete 

The basic difference between fracture principles applied to different kinds of mate- 
rial is shown in Fig. 2.9 (Karihaloo 1995). The nonlinear zone ahead of the crack tip 
is composed of fracture process zone and hardening plasticity. LEFM is applied to 
the material in which the zone is very small (Fig. 2.9a). Figure 2.9b shows the sec- 
ond case of nonlinear behavior for ductile material in which the zone with nonlinear 
material behavior or hardening plasticity is large and the fracture zone is small. The 
third case (Fig. 2.9c) is applicable to nonlinear behavior of cementitious materials 
in which the fracture zone is large and hardening plasticity is small. 




(a) Linear elastic 




(b) Nonlinear plastic 




(c) Nonlinear quassibrittle 



Fig. 2.9 Types of nonlinear zones in different types of materials, L denotes linear elastic, N 
denotes the nonlinear material behavior due to plasticity, and F denotes the fracture process zone 
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Fig. 2.10 Stress-displacement behavior under uniaxial tension: (a) brittle, (b) ductile, and (c) 
quasibrittle materials 



In the other way, the nonlinear behavior of three different types of materi- 
als subjected to uniaxial tension can be shown using stress deformation relations 
(Fig. 2.10). 

The brittle material shows a linear elastic behavior almost up to the peak load, 
and a catastrophic crack will propagate through the specimen just after the peak 
(Fig. 2.10a). The ductile material behavior shown in Fig. 2.10b is characterized 
by a pronounced yield plateau and the nonlinear behavior starts much before the 
onset of crack localization. In the quasibrittle material (Fig. 2.10c), the nonlinear 
behavior starts before the peak load and then upon arrival at the peak load, crack 
localization will occur. Consequently, the stress transfer capability of the material 
starts to reduce. 



2.6 Specimen Geometry for Fracture Test of Concrete 

Different specimen geometries have been used in the past to perform stable fracture 
testing of quasibrittle material like concrete. Uniaxial tensile test with displace- 
ment controlled as direct method can be used to characterize the fracture behavior 
of concrete. However, this test is difficult to carry out. Therefore, indirect method 
with various geometrical shapes is generally used to determine the fracture param- 
eters. The commonly used shapes of test geometry for conducting indirect tests 
are three-point bending test (TPBT), compact tension (CT) test, and wedge splitting 
test (WST). The three-point bending geometry is a common specimen used to deter- 
mine the fracture parameters applying the different fracture models. Fracture testing 
on TPBT specimen has an advantage that the testing can be performed with the 
standard testing machines and it is easier to perform the stable bending test on pre- 
cracked beams. RILEM Technical Committee 50-FMC (1985) has recommended 
the guidelines for determination of fracture energy of cementitious materials con- 
ducting TPBT on notched beam. However, for large-size structures, the self-weight 
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of the beam possibly negates the use of the specimen for fracture testing due to 
not only handling problems of testing specimens but also requiring special care in 
fracture analysis. In addition, it is not practically possible to use a drilled specimen 
from the construction sites or existing structures. Alternatively, CT test and WST 
have been used by many researchers in the past to determine the fracture parameters 
of concrete. The standard CT configuration is a single-edge notched plate loaded 
in tension. The ASTM Standard E-399 (2006) has specified the general proportions 
and standard configuration of a CT specimen. Many researchers (Wittmann et al. 
1988, Briihwiler and Wittmann 1990) have used CT test to determine the specific 
fracture energy Gp of concrete. The CT specimen also suffers from some drawbacks: 
(i) there are no flexibilities in specimen shapes, so drilling of specimen from exist- 
ing structures is difficult, (ii) there may be inconvenience with testing arrangement 
in directly applying the load on the specimen, and (iii) the testing can be carried out 
only in crack opening displacement (COD)-controlled test setup. 

The wedge splitting test is a special form of the so-called compact tension test, 
in which a small specimen with a groove and a notch is split into two halves while 
monitoring the load and crack mouth opening displacement (CMOD). Linsbauer 
and Tschegg (1986) initially introduced the use of WST geometry for perform- 
ing stable fracture tests on quasibrittle material and subsequently Briihwiler and 
Wittmann (1990) modified the testing arrangements. The use of WST specimen 
for stable fracture testing of concrete is now gaining more and more practical 
importance because of several advantages: 

• The specimen is small and compact requiring less material. 

• It has relatively larger ligament area-to-concrete volume ratio. 

• Test results are least affected by self-weight of the specimen. 

• It provides better stability during fracture test. 

• Similar to TPBT geometry, the experiment on WST specimen is either controlled 
by constant rate of displacement of the wedges or in closed-loop COD control. 

• Geometry of the specimen may be of cubical or cylindrical shapes. Hence, it is 
suitable for fracture testing from existing structures using drilled concrete cores. 



2.6.1 Dimensions of Test Specimens 

2.6.1.1 Three-Point Bending Test (TPBT) 

The standard dimensions of the TPBT are shown in Fig. 2.1 la in which the symbols 
B, D, and S are the width, the depth, and the span, respectively, for TPBT geometry 
with S/D = 4. 

2.6.1.2 Compact Tension (CT) Test 

The dimensions and configuration of standard CT specimen according to the ASTM 
Standard E-399 (2006) are shown in Fig. 2.11b. The dimensioning should comply 
Di = 1.25D, H = 0.6D, Hi = 0.275D, and the specimen thickness B = 0.5D. 
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(i) Longitudinal section 
(a) TPBT geometry 



(ii) Midspan cross section 




(b) Standard geometry of CT specimen 



(c) Dimensions of WST specimen 



Fig. 2.11 (a) Dimensions of three-point bending test (TPBT), (b) compact tension (CT), and (c) 
wedge splitting test (WST) specimens 



2.6.1.3 Wedge Splitting Test (WST) 

The only special requirement for WST geometry is to use additional two massive 
steel-loading devices equipped with the roller bearings on each side of the speci- 
men. The shape and dimensions of commonly used WST specimen are shown in 
Fig. 2.11c, whereas the testing arrangement and forces acting on the specimen are 
shown in Fig. 2.12. 

The dimensions of D[, 2H, and B of WST specimens made of concrete may 
be slightly different from the standard CT specimen due to practical requirements 
and convenience. Nevertheless, because of the similarity in specimen geometry and 
loading condition between wedge splitting and compact tension tests, the LEFM 
formula to calculate the fracture parameters of wedge splitting specimens is the 
same as applied to the CT specimens. In wedge splitting test, the vertical load Py 
and the crack opening displacement (COD) are recorded and the horizontal force 
Pu is computed using Eq. (2.8), whereas the horizontal force is directly recorded in 
CT specimen. 

In Fig. 2.12b, Py is the applied vertical load, A^ is the normal reaction, F{ is the 
friction force, Ph is the horizontal force acting on the specimen, and is the wedge 
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(a) Test setup of WST specimen (b) Free body diagram of forces 

Fig. 2.12 Details of wedge splitting test (WST) specimen 

angle as shown. If jjl is the coefficient of friction between wedge and roller, from 
equilibrium of forces the value of Ph can be expressed as 



1 — w, tan 6 

Ph = ^v 

2(/Lt + tan(9) 



(2.8) 



Neglecting the friction force being very small and considering small wedge 
angle, viz. 6 — 15°, Eq. (2.8) reduces to 



Pk 



Pw 

2tanf 



= 1.866Pv 



(2.9) 



Equation (2.9) shows that if even a smaller vertical force is subjected on the 
specimen, it is able to produce magnified horizontal force which reduces the need 
of higher capacity testing machine. For convenience, the horizontal load acting on 
WST specimen will be denoted as P from now onward. 



2.7 Nonlinear Fracture Mechanics for Concrete 



The nonlinear fracture models are based on two basic approaches: first using finite 
element method or boundary element method and second using modified LEFM 
concept. The cohesive crack model (CCM) or fictitious crack model (FCM) and 
the crack band model (CBM) fall under the former category, while two-parameter 
fracture model (TPFM), size-effect model (SEM), effective crack model (ECM), 
K^ curve based on cohesive force, double-ZT fracture model (DKFM), and double-G 
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fracture model (DGFM) belong to the latter group. The fracture models adapting to 
LEFM do not directly use the initial cracli length Qq- However, a critical effective 
crack length Oc is calculated based on experiments assuming that when peak load is 
attained, the far field may be described by an equivalent elastic crack, Qq — Oo + 
Aflc, where A^c is the equivalent extension in stress-free crack length at peak load, 
and the corresponding stress intensity factor Ki — Kic is determined using LEFM 
principles. A brief review of each fracture model is given in the subsequent sections. 

2.7.1 Cohesive Crack Model (CCM) or Fictitious Crack Model 
(FCM) 

The cohesive crack method was first proposed by Barenblatt (1959, 1962) and 
Dugdale (1960). While Barenblatt applied cohesive crack to analyze the brittle frac- 
ture behavior, Dugdale introduced it to model ductile fracture behavior of a material. 
Under discrete cracking approach (Ngo and Scordelis 1967), Hillerborg et al. (1976) 
initially applied cohesive crack method (or fictitious crack model) to simulate the 
softening damage of concrete structures. In the pioneer work they showed that anal- 
ysis of crack formation and propagation as well as failure analysis can be done with 
cohesive crack model even if coarse finite element is used. This method thereby 
eliminates the mesh sensitivity. Subsequently, the cohesive crack method has been 
modified and used by many researchers over the period of time. 

Petersson (1981) employed a boundary integral method in which the kernel was 
discretized a priori using finite element formulation. Wecharatana and Shah (1983) 
presented a theoretical model similar to cohesive crack model (Barenblatt 1962, 
Dugdale 1960, Hillerborg et al. 1976) to predict the extent of nonlinear zone around 
the crack tip which depends on the size of the aggregate and the geometry of the 
specimen. The model is based on simple and approximate extensions of the concepts 
of LEFM. The model was successfully used to analyze the results of the experiments 
on double-cantilever, double-torsion, and the notched-beam specimens. 

Ingraffea et al. (1984) predicted numerically the bond-slip behavior of a reinforc- 
ing bar embedded in concrete. The radial secondary cracking was modeled using a 
nonlinear discrete crack, interface, and finite element approach having a tension- 
softening element. As an example, a reinforced concrete tension diaphragm was 
analyzed. 

In a finite element code, the fictitious crack model was extended by Ingraffea 
and Gerstle (1984) to simulate mixed-mode crack propagation analysis, employing 
six-node interface elements. However, their crack propagation algorithm based on 
stress intensity factors and their nonlinear algorithm were inefficient. 

Barker et al. (1985) reported a series of tests on concrete crack-line wedge-loaded 
double-cantilever beams using a replica technique that provides an easy and accu- 
rate method for determining the total extent of cracking in concrete specimens. The 
process zone length ahead of a macro-crack tip is generated by the formation and 
coalescence of numerous microcracks. It was shown that the process zone, char- 
acterized by the two critical crack-tip opening displacements for determining the 
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necessary condition for crack growth, continues to increase in length with increas- 
ing load. From the analysis of the results, it was concluded that LEFM techniques 
are not suited to predicting unstable cracking in concrete members of the proportions 
normally used in buildings. 

Li and Liang (1986) suggested that process zone length in concrete and fiber- 
reinforced concrete is not to be a material property but depends on the specimen 
and the loading configuration. The overall mechanical behavior of these materials 
could be strongly influenced by the stress-separation constitutive relation. 

Carpinteri (1989a-c, 1990) and Carpinteri and Colombo (1989) modified the 
Petersson's method of cohesive crack method to study the size effect of concrete 
fracture on the global structural behavior which can range from ductile to brittle 
when strain softening and strain localization are taken into account. The size-scale 
transition from ductile to brittle behavior is governed by the nondimensional brittle- 
ness number. They showed that for extremely brittle cases (e.g., initially uncracked 
specimens, large and/or slender structures, low fracture toughness, and high ten- 
sile strength), a snapback in the equilibrium path occurs and the load-deflection 
softening branch assumes a positive slope. Both load and deflection must decrease 
to obtain slow and controlled crack propagation. If the loading process is deflec- 
tion controlled, the load-carrying capacity yields a discontinuity with a negative 
jump. It was proved that such a catastrophic event tends to reproduce the classi- 
cal LEFM instability for small fracture toughness, high tensile strengths, and/or for 
large structure sizes. 

Bocca et al. (1991) extended the cohesive crack model to mixed-mode crack 
propagation problem along with an experimental confirmation by testing four-point 
shear specimens of concrete. A constant crack mouth sliding displacement rate was 
imposed so that it was possible to control and detect the snapback load vs. deflec- 
tion branches. The behavior of the larger specimens was found to be more brittle. On 
the other hand, the brittleness in the numerical simulations was controlled through 
the crack length, which was certainly a monotonic increasing function during the 
irreversible fracture process. The experimental load vs. deflection diagrams as well 
as the experimental fracture trajectories were captured satisfactorily by the numeri- 
cal model. The mixed-mode fracture energy results tend to be of the same order of 
magnitude as the mode I fracture energy. 

Planas and Elices (1991) introduced an enhanced algorithm for the solution of 
nonlinear simultaneous equations in the cohesive crack model. In the enhanced 
algorithm, the system of equations can be partitioned and a partial solution of the 
system is carried out during the crack propagation study. For very large specimen 
sizes, an asymptotic analysis was developed by the authors that allowed an accurate 
treatment of the cohesive zones and provided a powerful framework for theoretical 
development. 

Gopalaratnam and Ye (1991) developed a fictitious crack model based on nonit- 
erative numerical scheme to study the development and growth of fracture process 
zone of different specimen sizes and two specimen geometries such as three-point 
bending test and compact tension test using linear and nonlinear softening laws. It 
was observed that the process zone reaches a steady-state length, which is dependent 
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on specimen size and geometry. The numerical results reproduce many of the other 
experimentally observed characteristics in the fracture of plain concrete. 

Employing a mixed-mode extension of the Hillerborg fictitious crack model, a 
practical interface finite element approach was used by Gerstle and Xie (1992) to 
model discrete crack propagation. The concept of fracture process zone is broadened 
to interface process zone, which includes the nonlinear behavior of the fracture pro- 
cess zone as well as the crack face interference behind the fracture process zone. 
The fictitious crack is represented by interface elements with linearly varying dis- 
placements; however, the traction distribution is arbitrary. In finite element code, 
an explicit incremental iterative procedure using dynamic relaxation was adopted 
which made the software simple. Examples demonstrate that the assumed assump- 
tions allow the fictitious crack to be modeled using few degrees of freedom without 
compromising accuracy. 

Liang and Li (1991a, b) developed a boundary element numerical approach 
to simulate crack propagation study using fictitious crack model. The model can 
determine the peak load solution in a nondimensional form without knowing the 
material properties in advance. The numerical parametric study examined the effects 
of specimen size, loading configuration, and the initial notch size on the nonlinear 
characteristics of concrete. It was also shown that the normalized energy release rate 
(R curve) is dependent on specimen size, initial notch length, and the loading con- 
figuration of mode I concrete fracture. Li and Liang (1992, 1993) proposed a new 
mathematical formulation of a boundary eigenvalue problem for the fictitious crack 
model using linear softening law. The theoretical foundation of the model was based 
on the second variation of the potential energy principle to displacement to describe 
the equilibrium and stability behavior of the cohesive crack model. Further, a new 
numerical algorithm for the same problem with linear softening law was developed 
in the framework of the finite element method (Li and Liang 1994). Li and Bazant 
(1994) reduced the cohesive (or fictitious) crack model into the eigenvalue prob- 
lem to calculate the maximum load of geometrically similar structures of different 
sizes without calculating the entire load-deflection curve. They incorporated the 
nonlinear power function for the softening law. 

Xie and Gerstle (1995) presented an energy-based approach for the FEM mod- 
eling of mixed-mode cohesive crack propagation. A two-dimensional automatic 
mixed-mode discrete crack propagation modeling program was developed for both 
nonlinear and linear elastic crack propagation problems. The numerical efficiency 
and convergence behavior of the approach was demonstrated through two examples: 
a three-point bending problem and a single-edge notched shear beam. 

Saleh and Aliabad (1995) extended the dual boundary element method for mod- 
eling the fictitious crack model to simulate the pure mode I and mixed-mode crack 
propagation in concrete. The numerical simulation is controlled through the crack 
length as a monotonic increasing function during the fracture process. Three-point 
bending and four-point shear specimens were used to check the numerical results. 

Mulmule and Dempsdey (1997) developed a fictitious crack model using weight 
function approach to study the fracture behavior of saline ice. The model was 
validated using the benchmark problem of concrete specimen of a center-cracked 
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panel of finite width subjected to remote uniform tensile stress using a linear 
stress-displacement softening law (Li and Liang 1986). 

For a global mixed-mode loading of concrete fracture, the authors (Galvez et al. 
1998, Cendon et al. 2000) showed that the crack grows with a predominantly local 
mode I fracture. Based on the cohesive crack concept of the local mode I approach, 
a simple and efficient numerical procedure for mixed-mode fracture of quasibrittle 
materials was presented by Cendon et al. (2000). This technique predicts crack tra- 
jectories as well as load-displacement responses. The numerical results agree quite 
well with different experimental sets of mixed-mode fracture of concrete beams. 

Galvez et al. (2002) introduced the formulation of the classical plasticity for a 
numerical simulation for mixed-mode fracture of quasibrittle materials using the 
cohesive crack approach. The numerical results agreed well with the experimental 
results of mixed-mode fracture of concrete beams. 

Planas and Elices (1992) presented a method to analyze the evolution of a cohe- 
sive crack, particularly appropriate for asymptotic analysis. This method further 
improved the solution algorithm of the system of equations and later this method 
was modified by Bazant (1990), Bazant and Beissel (1994), and Bazant and Zi 
(2003) as smeared-tip superposition method. 

The derivation of the cohesive crack problem was based on an energetic vari- 
ational formulation. The energy formulation also provides the condition for the 
loss of stability of a structure with a propagating cohesive crack. Bazant and Li 
(1995a, b) obtained an eigenvalue problem for a homogeneous Fredholm integral 
equation, with the structure size as the eigenvalue exploiting the criterion of stabil- 
ity limit. The preceding eigenvalue method was further extended by Zi and Bazant 
(2003) to the cohesive crack model with a finite residual stress. The extended 
method allows an efficient calculation of the size-effect curves for the cohesive 
crack model with residual stress, for both positive and negative-positive specimen 
geometries. 

A discrete computational model CoMICS (computational model for investiga- 
tion of cracks in structural concrete) for study of crack formation and crack growth 
in plain and reinforced concrete plane stress members was presented by Prasad and 
Krishnamoorthy (2003) in a more generalized way. The model CoMICS required 
successive regeneration of the mesh in the vicinity of the crack tip in which the 
mesh modifications were limited to a selected patch of elements at the crack tip. 
With regard to plain concrete member, the global response of load deformation plots 
for uncurved and curved mode I cracks using CoMICS was compared with those 
experimental results and numerical models available in the literature. The study was 
focused to analyze reinforced concrete (RC) structural members with regard to the 
formation and growth of cracks. Nonlinear behavior due to tensile cracking of con- 
crete and steel-concrete interface bond was considered using the bond-slip model 
for bimaterial contact. The use of plain concrete crack model in conjunction with 
bond-slip model gives good correlation with experimental data of RC structures. 

Chudnovsky and collaborators (Issa et al. 1993, 2003) have characterized the 
fracture surfaces of concrete using simple nondestructive modified slit-island exper- 
imental technique. They showed that the main crack can deflect around the 
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aggregates and/or penetrates through the aggregates depending upon the strength 
of the cement paste and the aggregate location with respect to the crack front. This 
phenomenon results in the energy consumption and affects the apparent toughness 
of the material. It was observed that the fracture surfaces of concrete appeared to 
be relatively rougher for the larger size aggregates than for the smaller size aggre- 
gates. Extensive experimental studies using wedge splitting concrete specimens of 
different sizes, made with varying sizes of aggregates and numerical studies (Issa 
et al. 2000a, b), revealed that the energy release rate increases with crack exten- 
sion (R-curve behavior), specimen size, and size of aggregates. Fracture energy 
also increases with the specimen size and the size of aggregate particles. The crack 
trajectory deviates from the rectilinear path more in the specimens with larger aggre- 
gate sizes. Fracture surfaces with larger size aggregate show higher roughness than 
do those with smaller size aggregates. For similar concrete specimens, the crack 
tortuosity is greater for the larger size specimens. 

The cohesive zone model is a strictly uniaxial method considering zero width 
of the process zone. The general application in structures in which triaxial stresses 
arise is questionable. This method is not suitable for large-scale analyses. Despite 
these limitations, the cohesive crack model is an idealized approximation of a phys- 
ical localized fracture zone. This model has a simple mathematical procedure and 
it retains the real physical process. The basic essence of this model is the ability 
to describe the nonlinear material behavior in the vicinity of a crack and at the 
crack tip. 

A brief overview of the cohesive crack model, its numerical aspects, advantages, 
limitations, and challenges can be found in the recent literatures (Guinea 1995, 
Elices and Planas 1996, Bazant 2002, Elices et al. 2002, de Borst 2003, Planas et al. 
2003, Carpinteri et al. 2003, 2006). 

The application of cohesive crack model in the recent time is also many. Kim 
et al. (2004) applied cohesive crack model on wedge splitting concrete specimen 
at early ages to compare the load-crack mouth opening displacement (P-CMOD) 
curves obtained between the finite element analysis and the experiments for the 
characterization of bilinear softening law. The derived fracture parameters and bilin- 
ear softening curves at early ages of concrete may be used for fracture criterion and 
input data in finite element analyses. 

Raghu Prasad and Renuka Devi (2007) modified appropriately the fictitious crack 
model to make it applicable for plain concrete beams with vertical tortuous cracks. 
To model the roughness of fracture surface of concrete, a number of tortuous cracks 
were generated considering the crack deviations as random variable based on the 
maximum aggregate size. Plain concrete beams with such tortuous cracks were 
analyzed to study the effect of the tortuosity of the cracks on the various fracture 
parameters. 

Roesler et al. (2007) developed finite element-based cohesive zone mode using 
bilinear softening to predict the monotonic P-CMOD plot of three-point bending 
test specimens having different sizes. Experimental results on the companion beams 
were used to compare the numerical results of the fracture behavior of concrete. The 
authors (Park et al. 2008) further characterized the bilinear softening law by using 
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experimental results for predicting the fracture behavior of concrete. The location of 
the kink point of the softening law was proposed to be the stress at the critical crack- 
tip opening displacement. This location of the kink point is similar to the modified 
bilinear softening function proposed by Xu and Reinhardt (1999a) and it compares 
well with the range of kink point locations reported in the literature. The proposed 
bilinear softening law was further verified from the numerical simulations with the 
cohesive zone model. 

In an experimental and numerical analyses, the authors (Zhao et al. 2008, Kwon 
et al. 2008) presented experimental results of a three-point bending test for a notched 
beam and a wedge splitting test with different size specimens for 10 different con- 
crete mixes to investigate the effect of specimen size and geometry on the fracture 
energies. It was observed that the fracture energy increases with an increase in spec- 
imen size for both the specimen geometries. In order to find out the softening curve 
using inverse analysis that optimally fits the measured P-CMOD curve, a cohesive 
crack model (Gopalaratnam and Ye 1991) and an optimization technique were incor- 
porated. The effect of size-dependent fracture energy on the softening curve was 
then investigated. It was found that the first steep branch of the softening curve is 
very similar for different size specimens, whereas the tail of the curves becomes 
longer with increase in the specimen size. 

Elices et al. (2009) performed fracture tests on six types of simple concrete made 
with three types of spherical aggregates and of two kinds of matrix interface to 
study the influence of the matrix-aggregate interface and of the aggregate strength 
on the softening curve. A cohesive crack model with bilinear softening function 
was used to model the fracture behavior of concrete. The highest specific fracture 
energy values were determined with strong aggregates well bonded to the matrix 
because the crack path avoids the aggregates and wanders through the matrix result- 
ing in the increased value of the fracture area. In general, the cohesive strength of 
all the concretes was found to be lower than that of the matrix. The critical crack 
opening value appeared to be almost insensitive to the type of interface and matrix 
of concrete in the case of strong aggregates were used, whereas this opening was 
larger than the corresponding matrix in the case of weak aggregates. The shape of 
the softening function was almost the same for the concrete and the matrix when 
strong aggregates were used and the same was different for the concrete when the 
weak aggregates were used. Therefore, weak interfaces provide larger initial slope 
of softening function, larger critical opening, and smaller cohesive strength than do 
strong interfaces. 



2.7.1.1 Material Properties for CCM or FCM 

Three material properties such as modulus of elasticity E, uniaxial tensile strength 
/t, and specific fracture energy Gp are required to describe the cohesive crack model. 
Difficulty with FCM lies in being able to experimentally determine the values of Gp, 
/t, and Wc for a material. The Gp is defined as the amount of energy necessary to cre- 
ate one unit of area of a crack. Hillerborg (1985a) and RILEM Technical Committee 
50-FMC (1985) proposed a method using three-point bending beams to obtain the 
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Fig. 2.13 Worli of fracture as 
an area between 
load-displacement (PS) 
curve 




values of Gp- According to this method the area between the load-displacement 
(P-S) curve obtained experimentally is corrected for eventual nonlinearities at low 
loads, self-weight of the specimen, and other loading due to fixtures. The fracture 
energy is calculated from the equation 



Gf = 



Wo + W,So 



(2.10) 



in which Wo is the area according to Fig. 2.13, W^ is the sum of the weight of the 
specimen between the supports and twice that of the part of the loading arrangement, 
and So is the deformation at the final failure of the beam. 

Hillerborg (1985b) conducted a study on the determination of the fracture energy 
from the tests data of about 700 mortar and concrete beams obtained from differ- 
ent laboratories of the world. This study showed that fracture energy is apparently 
dependent on the specimen size. Subsequently, Planas and co-workers (Guinea et al. 
1992, Planas et al. 1992, Elices et al. 1992) carried several investigations on the mea- 
surement of the fracture energy using three-point bending tests and they showed that 
if different sources of energy dissipation during the test and analysis are taken into 
account, the value of Gp appears to be almost size independent. 

The nonlinearity in the cohesive crack model is automatically introduced by 
using stress-crack opening displacement relations (also known as softening func- 
tion) across the crack faces near the crack tip, which makes the SIF at the 
propagating crack tip to be zero. Hence, it is one of the fundamental material proper- 
ties used as input in cohesive crack model. This constitutive law relates the cohesive 
stress (a) across the crack faces and the corresponding crack opening displace- 
ment w, i.e., a = /(w). The terminal point of the a-w curve Wc is the maximum 
widening of the fracture zone when it is still able to transfer stress. From the def- 
inition of softening law, /(O) — fi — direct tensile strength of concrete. The Gp is 
graphically equal to the area under the a-w curve as shown in Fig. 2.14. 

Hillerborg et al. (1976) initially used linear softening law in the finite ele- 
ment analyses considering /t and Gp as material properties. Later Petersson (1981) 
proposed bilinear (two-line approximation) softening for notched concrete beam 
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Fig. 2.14 Representation of 
softening function of concrete 




Crack opening displacement, w 



which was in good agreement with the experimental results. Thereafter with some 
modifications, the bilinear softening curve and its parameters have been widely dis- 
cussed and used by many researchers (Alvaredo and Torrent 1987, Wittmann et al. 
1988, Hilsdorf and Brameshuber 1991, Guinea et al. 1994, Bazant 2002, Bazant 
and Becq-Giraudon 2002). On the basis of theoretical considerations and available 
experimental data, Hilsdorf and Brameshuber (1991) verified the fracture properties 
and stress deformation characteristics of concrete as adopted in CEB-FIP Model 
Code- 1990 (1993). Various other fundamental softening relationships such as trilin- 
ear (Cho et al. 1984), exponential (Gopalaratnam and Shah 1985, Karihaloo 1995), 
nonlinear (Reinhardt et al. 1986), and quasi-exponential (Planas and Elices 1990) 
have also been developed. Xu (1999) proposed a formulized method to determine 
the parameters of bilinear softening, nonlinear softening, and exponential softening 
curves for different concrete grades and the maximum sizes of aggregates. 



2.7.2 Crack Band Model (CBM) 



Strain-softening behavior of concrete in the smeared-cracking framework was first 
introduced by Rashid (1968). Gradually, extensive research showed that the classi- 
cal smeared-cracking concept is unobjective showing spurious mesh sensitivity, no 
size effect, and convergence to an incorrect failure mode with zero energy dissipa- 
tion because of localizing to a zone of zero volume. Adapting to Hillerborg et al. 
(1976), Bazant and Oh (1983) developed the crack band model in which the frac- 
ture process zone is modeled as a system of parallel cracks that are continuously 
distributed (smeared) in the finite element. The material behavior is characterized 
by the constitutive stress-strain relationship. The width of the fracture process zone 
(he) is assumed to be constant. For normal concrete it is assumed to be three times 
the aggregate size. The width of the crack band is held constant in order to avoid 
spurious mesh sensitivity. This assures that the energy dissipation due to fracture 
per unit length of crack is a constant which is equal to the fracture energy of the 
material (Gp). In this model, the crack is modeled by changing the isotropic elastic 
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Fig. 2.15 Cartesian 
coordinate of crack band 
model 
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moduli matrix to an orthotropic one, thereby reducing the stiffness in the direction 
normal to the cracking plane. The softening behavior of concrete is modeled by 
superimposing the fracturing strain Sf on the elastic strain. 

A brief mathematical background (Bazant and Oh 1983) of this model is given 
below by considering a system of Cartesian coordinates as shown in Fig. 2.15. If 
concrete is idealized as homogeneous material, the triaxial stress-strain relationship 
can be expressed as follows: 



Sx 


1 


By 


■ ^ — 


E 


e. 





1 -V 
-V 1 

— V — V 



(2.11) 



where a^, Oy, and CTj are the principal stresses and e^:, e^, and e^ are the principal 
strains; Sf is the fracture strain by the opening of microcracks, E is the Young's 
elastic modulus of concrete, and is its Poisson's ratio. As the microcracks develop 
in the material, the effect of these opening microcracks does not cause any effect 
on the strains in "X"- and 'T"-directions ('T"-axis perpendicular to the plane, see 
Fig. 2.15). The width of the fracture front he is assumed to be a material constant 
which can be determined from experiments and is proportional to the aggregate 
size for plain concrete. The fracturing strain ef is determined by summing all the 
deformation or openings of individual microcracks, ?>i — ^ 5[ is the sum of the 

openings of individual microcracks intersecting axis "Z," over the width /ic. The 
relation of normal stress CTj and the relative displacement 5f across a line crack is 
identical to the relation of a~ to the displacement: 



(5f — Sfhf. 



(2.12) 



The fracture starts when the stress at the crack tip reaches the tensile strength; at 
that point, S{ is still zero. As the crack opens, Sf starts to increase and a- starts to 
gradually decline. A simple choice for this modeling could be a linear function as 
shown in Fig. 2.16. Fracturing strain Sf can be represented as a function of stress a^ 
as follows: 
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Fig. 2.16 The stress-strain 
relationship in crack band 
model 
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Sf =/(CTz)= — (/t-f^z) 
Cf 



(2.13) 



where Ct = fi/So, So is the strain at the end of strain softening (Fig. 2. 16a) at which 
the microcracks coalesce into a continuous crack and c^ vanishes. From Eqs. (2.13) 
and (2.11), the relation (2.11) is modified as 
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in which the post-peak tensile stress-strain relationship is described by the tangent 
modulus Et, which is defined as 
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E't 
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(2.15) 



The fracture energy Gp that is defined as the energy absorbed in creating 
(opening) of all cracks is given by 



G^ — he I a,(e)de 




(2.16) 



The integral represents the area under the stress-strain curve after the stress has 
reached /t. If a linear relationship between stress-strain is assumed, then 



1 f? 

Gp — hc-ftSo or Gp = he 

r 2Cf 



(2.17) 



If Gp, /t, and h^ are known from experiments, then the basic parameters of the 
stress-strain relation can be calculated as follows: 



2.7 Nonlinear Fracture Mechanics for Concrete 35 

/2/ic ft 2Gf 

Cf = ■'-^-^, £o = — = — ^ (2.18) 

2Gf Cf /t/?c 

Alternatively, it is also possible to express the fracture energy as the total area 
under the stress-strain relationship. Using Eq. (2.15), it can be shown that 

The crack band model is a smeared-cracking method based on the concept of 
classical continuum mechanics in which constitutive relations are the stress-strain 
curve with softening along with the condition of the minimum size of the local- 
ization zone. This length scale is numerical in nature which has to be accurately 
ascertained according to a particular problem. 

The crack band model suffers from many limitations (Bazant and Lin 1989) such 
as (1) refinement of mesh size cannot be smaller than the cracking zone width, (2) 
zigzag crack band propagation needs special mathematical treatment, (3) a typical 
square mesh introduces a certain degree of directional bias, and (4) possible varia- 
tions of the cracking width and hence fracture energy cannot be taken into account. 
To improve such deficiencies, a nonlocal smeared-cracking formulation has been 
extended in the framework of damage mechanics and metal plasticity by Bazant 
and co-workers to introduce the length scale in a more systematic approach. And the 
available literature is so vast that a complete review is not carried out because major- 
ity of studies presented in the book are beyond this scope. Further, some overview 
of the concrete fracture model based on distributed cracking can be found elsewhere 
(Bazant 1986, 2002, Planas et al. 1993a, de Borst 2003, de Borst et al. 2004). 

In smeared context, the strong discontinuity approach (Simo et al. 1993, Oliver 
1995, Jirasek and Zimmermann 2001a, b) has been also applied in recent times 
for cohesive zone modeling. The concept of discontinuous displacement has been 
introduced within a finite element analysis using partition-of-unity property which 
can avoid the numerical difficulties associated with the smeared cohesive zone 
modeling. This method is known as the extended finite element method (XFEM) 
(Wells and Sluys 2001, Mos and Belytschko 2002, Mariani and Perego 2003, Zi 
and Belytschko 2003, Mergheim et al. 2005, Meschke and Dumstorff 2007). In the 
XFEM, unlike discrete crack models, cracks are not limited to element boundaries 
but can be located in the FE mesh. 



2.7.3 Two-Parameter Fracture Model (TPFM) 

The two-parameter fracture model was developed by Jenq and Shah (1985a, b). 
In this model, the actual crack is replaced by an equivalent fictitious crack. The 
model involves two valid fracture parameters for cementitious materials: the critical 
stress intensity factor Kf^^ at the tip of the equivalent crack length at peak load and 
the corresponding value of the crack-tip opening displacement (CTOD) known as 
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Fig. 2.17 (a) Equivalent Griffith craclc; (b) typical load-CMOD curve for TPFM 



critical crack-tip opening displacement CTODcs- The loading and unloading crack 
mouth opening displacement compliances of standard three-point bending specimen 
were used to determine the value of Oc (Fig. 2.17). 

A brief procedure involved in the calculation of the two parameters /Tj^ and 
CTODcs for three-point bending specimens is mentioned in the RILEM formula 
(RILEM Technical Committee 89-FMT, 1990a). The standard LEFM formula given 
by Tada et al. (1985) is used to calculate the critical value of stress intensity factor. 
The main advantage of this method is that only a single size of three-point bending 
specimen is needed in the experiment. 

The value of A'j^ obtained from this model has been shown to be essentially 
not dependent on the geometries of the specimens. The results obtained by Jenq 
and Shah (1988a) from compact tension tests, wedge splitting cube tests, and large 
tapered double-cantilever beams showed that two parameters K^^^ and CTODcs 
might be considered as geometry-independent fracture parameters. However, an 
investigation done by Jenq and Shah (1988b) indicated a significant influence 
of geometry. Other researchers reported substantial size effect both on Kf^ and 
CTODcs (Planas and Elices 1989, 1990). In determination of two parameters Kf^^ 
and CTODcs, the inelastic part of the total CMOD part is neglected which may 
possibly lead to an underestimated value of Oc because the nonlinear fracture char- 
acteristic of concrete is associated with the stable crack propagation. This method 
needs a closed-loop testing system to determine the fracture parameters. 



2.7.4 Size-Effect Model (SEM) 

All important nonlinear fracture models capture adequately the structural size effect 
over the useful range of applicability. There are two extremes of size-effect law: 
(i) strength criteria and (ii) LEFM size effect. The former yields no size effect, 
whereas the latter shows the strongest size effect, i.e., nominal strength is inversely 
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Fig. 2.18 Size effects as a 
plot of nominal strength vs. 
size on a bilogarithmic scale 
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proportional to the square root of the structural dimension, as shown in Fig. 2.18. A 
quasibrittle material like concrete exhibits a transitional size effect between the two 
extremes of size effects. Bazant and co-workers (Bazant 1984, 2002, Bazant et al. 
1986, 1991, Bazant and Kazemi 1990, 1991, Gettu et al. 1990, Bazant and Jirasek 
1993) introduced size-effect model, which describes the material fracture behavior 
using two parameters: the fracture energy Gf (or denoted here as Gfb) and critical 
effective crack length extension cf at peak load for infinitely large test specimen. The 
fracture parameters are determined from the maximum loads of geometrically sim- 
ilar notched specimen of different sizes. Bazant and Planas (1998) have presented a 
simple and elegant approach showing the transitional size effect. Assume a notched 
plate of width D and thickness B (Fig. 2.19) in which during the infinitesimal crack 
extension Aa, the approximate energy release 2k{ao + Cf)BAa(j^/2E must be equal 
to energy required for crack extension, BGfb Aa. Therefore 



Ikiao + Cf)BAaa^/2E = fiGpRAa 



which yields 



CN = 



Bfi 



VT 



(2.20) 



(2.21) 



in which P — (ao/cf) — (D/Dq) =constant,/t is the tensile strength of the material, 
B' is the dimensionless constant. Do is the a constant having dimension of length, 
Cf is a material constant in terms of elastic equivalent crack extension (for present 
derivation), and Gfb is the fracture energy, a material constant. 

Equation (2.21) represents the transitional size effect for most practical size range 
of concrete structures and it explains the two extremes of size effects exhibited by 
plastic limit analysis and LEFM. The reason of size effect in concrete structures 
recognized is the existence of large and variable length of FPZ ahead of the crack 
tip. Determination of the nonlinear fracture properties using size-effect model is 
described in RILEM method (1990b). According to this procedure, for TPBT spec- 
imen (Fig. 2. 1 la), the maximum load Pu including self-weight per unit of beam Wg 
is expressed as 
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Fig. 2.19 Energy transfer 
during infinitesimal crack 
extension in a slit-like process 
zone 




^u = ^u.test + WgS/l 
Expressing ctn — Pu/BD, ctnu — c^P^JBD and expanding Eq. (2.21) 



VCTN/ 



F; = 



CNf 



vOo(5/t) 



C = 




Xi = Di 



Y^AX+C 



(2.22) 

(2.23) 

(2.24) 
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Plotting the values of Y and X on X-Y plot as shown in Fig. 2.20, the constants 
of Eq. (2.25) are determined using linear regression in which the coefficient of vari- 
ation of the slope of the regression line, coefficient of variation of the intercept, 
and relative width of the scatter band should not exceed about 0.1, 0.2, and 0.2, 
respectively. Comparing Eqs. (2.23) and (2.25), the coefficients are determined as 



Fig. 2.20 Linear regression 
of test data 
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C = ^ , A = — (2.26) 



Then, fracture energy, elastic equivalent crack extension, and brittleness are 
obtained as 

g(ao) [c„k(ao)]'^ 

cf = 4^ (-) (2.28) 

D ^%ii)V D 
Do g (ao)cf cf 

The /? curve and the crack extension during crack propagation are determined as 

s'(a) c 
G(a) = R(c) = Gfb 4f4 - (2.30) 

8 (ao) Cf 

c ^ D g'(ao)g(a) 

Cf £) + (io g'(a)§(ao) 

The load-deflection curve of the structure or the specimen with a propagating 
crack can be determined using Castigliano's second theorem. In the SEM, the frac- 
ture energy Gfb by definition is independent of test specimen size, although this 
is true only approximately since the size-effect law is not exact. The Gfb is also 
independent of the specimen shape. This becomes clear by realizing that the frac- 
ture process zone occupies a negligibly small fraction of the specimen's volume 
in an infinitely large specimen. Therefore, most of the specimen is elastic, which 
implies that the fracture process zone at its boundary is exposed to the asymptotic 
near-tip elastic stress and displacement fields which are known from LEFM and are 
the same for any specimen geometry. Here, the fracture process zone must be in the 
same state regardless of the specimen shape. 

The simplest method to obtain size-independent material fracture properties is 
perhaps provided by extrapolating to infinite size on the basis of the size-effect law. 
This law approximately describes the transition from the strength criterion for which 
there is no size effect to LEFM criterion for which the size effect is the strongest 
possible. An important advantage of the size-effect method is its simplicity which 
requires only the maximum load values of geometrically similar specimens that 
are sufficiently different in size which can be obtained without specialized need of 
closed-loop testing system. Neither the post-peak softening response nor the true 
crack length needs to be determined. Another advantage of the size-effect method 
is that it yields not only the fracture energy of the material but also the effective 
length of the fracture process zone, from which one can further obtain R curve and 
the critical effective crack-tip opening displacement. 
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2.7.5 Effective Crack Model (ECM) 

Swartz and Go (1984) proposed that the effective crack length could be estimated 
at point of instability lying on the descending portion of the P-CMOD curve and 
at 0.95 of the maximum load (Fig. 2.21). However, for determination of effective 
crack length, Rafai and Swartz (1987) used maximum load calibration curves based 
on experimental results. 

Nallathambi and Karihaloo (1986) and Karihaloo and Nallathambi (1989a, b, 
1990, 1991) introduced effective crack model to evaluate Aac based on compliance 
calibration approach. The basic principle of determining the effective crack exten- 
sion is to obtain the midspan deflection of the standard three-point beam test using 
secant compliance. According to the effective crack model, the fracture in the real 
structure sets in when the stress intensity factor becomes critical at crack length 
equal to Oe- Consider a typical load-deflection plot up to the peak load P^ and 
corresponding deflection is 5u as shown in Fig. 2.22. Pi denotes an arbitrary load 
level in the initial (linear) portion of the load-deflection plot and the corresponding 
deflection is ^i and stress intensity factor is K\. 

For an elastic notched three-point bending concrete beam containing a notch 
length flo, the deflection and SIF are written as 



Fig. 2.21 Determination of 
cic using CMOD measured at 
the point D (P = 0.95 Py) on 
P-CMOD curve by Swartz 
and Go (1984) 
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Fig. 2.22 Determination of 
effective crack length from 
PS curve 
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where F{a) is the geometric factor which depends on the S/D ratio of the beam. The 
Wg is the self-weight of the beam per unit length. Equation (2.32) is used to calculate 
the value of E using Pi and Si if it is not known from separate test. The value of Oc 
is computed using the following equation: 
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f2(«c) = j fiF\P)dp 

The same group of researchers also proposed an empirical equation using 
regression analysis to calculate the value of ac from the load-deflection plot. 






B3 



d-d 



(2.34) 



where da is the maximum size of coarse aggregate, a„ — 6 M/bD^ is the nominal 
tensile stress forP^ including self- weight, andBi = 0.088 ±0.004, B2 = -0.208 ± 
0.010, 53 = 0.451±0.013, and54 = 1. 653 ±0.109. If the value of £ is known from 
separate tests like compressive cylinder specimens, the same regression equation 
with coefficients 5i = 0.198 ± 0.015, B2 = -0.131 ± 0.011, B3 = 0.394 ± 0.013, 
and B4 — 0.600 ± 0.092 is used to evaluate the value of Oc- The critical value of 
stress intensity factor using this method is Kic'^: 



Kfr = (TmV^Fioic) 



(2.35) 
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2.7.6 Double-K Fracture Model (DKFM) 

Recently, Xu and Reinhardt (1999a) presented the three stages of crack propa- 
gation in concrete: crack initiation, stable crack propagation, and unstable crack 
propagation based on tests of the large-size CT specimens and small-size TPBT 
specimens. Test results of five numbers of TPBT and four numbers of CT test 
specimens of different sizes were analyzed. A brief review of the test results 
on TPBT and CT test specimens is outlined for ready reference. In the first 
case, two sizes of TPBT specimens of dimensions 700 x 150 x 100 mm and 
515 X 100 X 100 mm (span x depth x thickness) with initial notch length/depth 
oq/D — 0.4 and span/depth ratio 5//) — 4made of concrete mix of 1:1.87:3.36:0.57 
(cement:sand:aggregate:water by weight) with maximum aggregate size of 20 mm 
were tested between 28 and 32 days of maturity. The measured cube compres- 
sive strength, splitting tensile strength, and modulus of elasticity E of concrete 
were found to be 35.2, 2.45, and 31,000, respectively. The starting point of sta- 
ble crack propagation, the critical unstable point of crack propagation, and the 
CTODc were measured using laser speckle interferometry experimental technique. 
In the second case, three sizes of CT test specimen geometry having dimensions 
3000 x 3000 X 200 mm, 2500 x 2500 x 200 mm, and 1500 x 1500 x 200 mm 
(length X depth X thickness) with uq/D — 0.4 with the same concrete mix were 
tested. These specimens were tested at maturity ages between 180 and 360 days to 
avoid aging effect on the test results. The measured cube compressive strength, split- 
ting tensile strength, and the value of £ of concrete at age of 360 days were found to 
be 38.5, 2.78, and 32,400, respectively. The measurement of crack propagation was 
done using two approaches, viz. photoelastic coating and strain gauges. 

While the fracture models, viz. TPFM, SEM, and ECM, adapting to LEFM to 
concrete structures can only predict the unstable fracture of concrete structures, the 
numerical methods using cohesive crack model and crack band model show the 
crack initiation, crack propagation, and failure during a fracture process until the 
maximum load is reached. Xu and Reinhardt (1999a) then advocated a new fracture 
model which can represent all the three stages of cracking phenomena in the fracture 
process of concrete. The mechanism of crack imitation and its growth is shown in 
Fig. 2.23. 

The figure shows a typical P-CMOD or PS curve obtained from mode I fracture 
test of a concrete specimen. In-between the region BC, a deviation of the tangent 
with respect to the initial tangent (linear segment OB) is observed. Such nonlinearity 
is due to aggregate bridging action in the fracture process zone and it is considered 
that point B is the beginning of the fracture process zone and a macro-crack begins 
to occur in the mortar matrix. Till the point B, the solid body behaves in a linear 
elastic manner and the initial crack length does not start to grow which means that 
the crack-tip opening displacement is also zero. With this assumption, the load cor- 
responding to point B is known as initial cracking load and the stress intensity factor 
is termed as initial cracking toughness K^ of the material. Further, an unstable con- 
dition is reached at maximum load P^ at which both the crack length and CTOD 
become the critical values. The fracture criterion is named as double-A" fracture 
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Fig. 2.23 Graphical P 4- 

representation of salient 
points on P-CMOD or PS 
curve 
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model. Hence, the double-A" fracture criterion can predict the crack initiation, sta- 
ble crack propagation, and unstable fracture process during the crack propagation 
in concrete structures. According to this criterion, the two size-independent param- 
eters termed as initial cracking toughness K^^ and unstable fracture toughness K"^ 
can predict different stages of concrete fracture process. 

The first parameter A"}" is directly calculated by the initial cracking load and 
initial notch length using LEFM formula. The initiation toughness is defined as 
the inherent toughness of the materials, which holds for loading at crack initiation 
when material behaves elastically and microcracking is concentrated to a small scale 
in the absence of main crack growth. The other parameter K^^ can be obtained by 
peak load and corresponding effective crack length using the same LEFM formula. 
That means the total toughness at the critical condition is known as unstable tough- 
ness /Tj™ which is regarded as one of the material fracture parameters at the onset 
of the unstable crack propagation. In the tests (Xu and Reinhardt 1999a), the val- 
ues of A'j™ and K"q were then determined for both the specimen geometries. From 
the test results it was found that mean value of A'j" — 0.509 Mpam'^^ (ranging 
0.393-0.585 MPa m^'^) ^^^ o.458 MPa m^'^ (ranging 0.455-0.459 MPa m"^) for 
TPBT and CT test specimens, respectively. The mean values of K'^^ for these speci- 
men geometries were found to be 2.428 MPa m''^ (ranging 1.518-3.454 MPa m^'^) 
and 2.525 MPa m''^ (ranging 2.323-2.837 MPa m''^), respectively. It was reported 
from the test results that the values of A"}^' and K"^ are independent of the specimen 
sizes in the tested ranges and also that these values of fracture parameters are quite 
close for two specimen geometries made with concrete having almost close values 
of physical properties. The evaluated values of K^™ and K^^ for TPBT geometry 
have larger dispersion because of the loading procedure in the laser speckle interfer- 
ometry experimental method. Hence, it is revealed from the test results that both the 
parameters K^^ and K^^ are dependent on material properties and not on specimen 
geometry and size. Xu and Reinhardt (1999b, c) developed analytical methods for 
three-point bending test and compact tension or wedge splitting tests to determine 
the values of double-A" fracture parameters. From the available experimental results, 
it was also shown that double-ZT fracture parameters K^™ and /Tj™ are not dependent 
on size of the specimen. Further, the evaluated values of the CTODc showed that 



44 2 Fracture Mechanics of Concrete - State-of-the-Art Review 

this value appears to be size dependent (Xu and Reinhardt 1999b). The parameters 
K^^ and K"^ computed from fracture tests on the small-size wedge splitting spec- 
imens show that these are independent of the relative initial notch length, slightly 
dependent on the size and independent of the thickness of the specimens (Xu and 
Reinhardt 1999c). 

Both the fracture parameters K^^ and K^^ have their own advantages. For some 
important structures such as high concrete dam, concrete pressure vessel, and 
nuclear reactor, both the parameters K^™ and A'j™ are required to be determined. 
The accurate prediction of crack initiation is also sometimes needed to special- 
ized structural elements such as liquid-retaining concrete structures using the initial 
cracking toughness. Therefore, the ^j^' can be used to assess the initial cracking 
toughness, while the A'™ can be useful to describe the critical unstable fracture of 
cracked structures. At the same time, determination of double-A" fracture parameters 
is experimentally easier because the unloading and reloading of the structure is not 
needed. This averts the need of closed-loop testing arrangement. 

Xu and Reinhardt (2000) later proposed a simplified approach to obtain the 
double-A" fracture parameters. In this approach, two empirical formulae to determine 
the crack mouth opening displacement and stress intensity factor due to cohesive 
stress in the fictitious fracture zone were proposed. It was shown that the results of 
double-^ fracture for three-point bending test obtained using simplified approach 
are close to the corresponding results obtained using the analytical method (Xu and 
Reinhardt 1999b). 

Zhao and Xu (2002) reported numerical experiments on three-point bending test 
specimens with the objective to study the influence of span/depth ratio, specimen 
size, and strength of concrete on the double-A" fracture parameters. It was shown that 
the unstable fracture toughness is independent of span/depth ratio and dependent 
on the material property. The initiation fracture toughness not only varies with the 
strength of material but also presents size effects in terms of span/depth ratio and 
the depth of specimens, which require a further theoretical investigation. 

Zhang et al. (2007) carried out the fracture tests on the total of 43 concrete spec- 
imens (three-point bending beam and wedge splitting specimen) with the small-size 
aggregates being of the maximum size of 10 mm for analyzing the double- A" frac- 
ture parameters. The initial cracking load was determined by means of graphical 
method or electrical resistance strain gauge method. It was found that the ratio of 
initial cracking load to maximum load is 0.67-0.71 and the ratio of initial fracture 
toughness to unstable fracture toughness is 0.45-0.50. Further, the initial fracture 
toughness and the unstable fracture toughness values are approximately close to the 
constants when the depth of specimens is larger than 200 and 400 mm for three-point 
bending beams and wedge splitting specimens, respectively. The critical crack-tip 
opening displacement of each specimen was calculated and it was noticed that this 
value is different for different test geometries. 

Xu and Zhu (2009) conducted the fracture tests on different sizes of TPBT spec- 
imens made of hardening cement paste and mortar of different strengths. The test 
results showed that fracture behavior of all cementitious composites, even hardening 
cement paste and mortar, was nonlinear. In addition, double-^ fracture model was 
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applied to calculate the fracture parameters and it was concluded that this fracture 
criterion can be applied to even hardening cement paste and mortar. 



2.7.7 The Kr Curve Associated with Cohesive Stress Distribution 
in the FPZ 

The basis of crack extension resistance curve (^r curve) associated with the cohe- 
sive stress distribution in fictitious crack extension was introduced with the help of 
test data on CT test specimens (Xu and Reinhardt 1999a). It was shown that there 
existed two definite relationships: the first one between the determined values of 
K^^ and the tangency K\^ (the value of SIF at the onset of unstable crack extension) 
of the K curves (SIF curve) and the second between the measured values of ^j" and 
the onset of the stable crack propagation on the ^r curves. Hence, double-A" fracture 
model was employed to describe the K^ curve for complete fracture process because 
of two distinguished characteristic parameters of concrete. The distribution of cohe- 
sive stress along the fictitious fracture zone at different stages of loading conditions 
is taken into account in order to evaluate the A'r curve. This approach of K^ curve 
differs from the principle of R curve originally proposed by Irwin (1960) and Kraft 
et al. (1961) in early 1960s and the conventional /?-curve methods (Wecharatana and 
Shah 1982-1983, Bazant and Cedolin 1984, Mai 1984, Hilsdorf and Brameshuber 
1984, Karihaloo 1987, Bazant et al. 1986, Ouyang et al. 1990, Bazant and Kazemi 
1990-1991, Bazant and Jirasek 1993, Elices and Planas 1993, Planas et al. 1993b). 

An analytical method was proposed (Xu and Reinhardt 1998) to compute the 
crack growth resistance KR{Aa) based on the cohesive stress distribution in fictitious 
fracture zone during the crack propagation using P-CMOD curve obtained from test 
results of standard TPBT specimen available in the literature. The ^r curves for 
eight numbers of TPBT specimens of different sizes and geometrical parameters 
such as initial notch length/depth ratio Oq/D were determined and analyzed with 
regard to stability criterion using double-ZiT fracture criterion. The values of /Tj", 
/Tj™, Aflc, CTODc, the length of small micro-region Aa^, and Pi„i could be deter- 
mined graphically using stability analysis. The variation of CTOD with respect to 
Aa obtained using analytical method also conformed to the experimental observa- 
tions. Finally, it was shown that the K^ curves are independent of specimen size and 
ac/D ratio. 

The main requirement for determining crack extension resistance curve based 
on cohesive force distribution during crack propagation is to know the load-crack 
opening displacement (P-COD) curve a priori. Some characteristics of K^ curve 
were investigated numerically on standard TPBT specimen for different concrete 
strength and specimen sizes (Reinhardt and Xu 1999). Commercial computer pro- 
gram for nonlinear finite element analysis of reinforced concrete structures based on 
crack band model (Bazant and Oh 1983) was used to obtain P-CMOD curve for the 
test specimens. It was observed that K^ curve is dependent on compressive strength 
of concrete and has almost the same S shape. It increases with increasing crack 
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length and increasing strength of concrete. The obtained ^r curves are almost inde- 
pendent of the specimen sizes. However, it was found that some difference could 
be noticed on the gained ^r curve by using bilinear (CEB-FIP Model Code-1990 
1993) and nonlinear (Reinhardt et al. 1986) softening functions of concrete. The 
influence of specimen geometry on the A'r curves is not reported in the previous 
research work and as far as authors' knowledge is concerned, this study is also not 
found in the literature. 



2.7.8 Double-G Fracture Model (DGFM) 

Zhao and Xu (2004) discussed the local fracture energy and the average energy 
consumption due to the cohesive forces during crack extension. The experimental 
results obtained from the wedge splitting tests on specimens with different initial 
notch lengths are employed to investigate the property of the local and the average 
values of fracture energy. 

Xu et al. (2006) introduced two fracture energy quantities, the stable fracture 
energy and unstable fracture energy, to predict energy consumption in the frac- 
ture process zone. Wedge splitting tests were carried out on concrete specimens 
with different ligament length to identify all three fracture energy quantities. The 
experimental results showed that the stable fracture energy remains almost a con- 
stant irrespective of specimen size, while the unstable fracture energy increases with 
increasing ligament length. 

Zhao et al. (2007) investigated local fracture energy and its average value along 
the crack by considering the influence of specimen boundaries on the development 
of fracture process zone. 

Zhang and Xu (2007) calculated the fracture resistance induced by aggregate 
bridging Gi.bridging in the fracture process zone using both numerically simulated 
results and experimental results. The computed results indicate that the variation of 
Gi-bridging with the development of crack firstly increases and then tends to invariable 
value once the initial crack-tip opening displacement reaches the characteristic crack 
opening displacement Wc- Also, it was found that the constant value of Gi-bridging is 
comparable to the fracture energy. In this investigation, Gi_bridging showed no size 
effect. These findings provide new understanding of the meaning of fracture energy. 

Recently, Xu and Zhang (2008) proposed the double-G fracture criterion based 
on the concept of energy release rate consisting of two characteristic fracture param- 
eters: the initiation fracture energy release GJ" and the unstable fracture energy 
release G"^. The value of GJ'^' is defined as the Griffith fracture surface energy of 
concrete mix in which the matrix remains still in elastic state under the initial crack- 
ing load Pini and the initial crack length Gq- Until the initial cracking load, PS 
or /"-CMOD curve is linear and the crack-driving energy is less than the energy 
required to create a new crack surface. Once the load value P on the structure is 
increased beyond the value of Pmi, a new crack surface (macro-cracking) is formed 
and the cohesive stress along the new crack surface starts to act. The cohesive stress 
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provides additional resistance to the stable crack propagation in terms of cohesive 
breaking energy Gf until the critical condition is achieved. At the onset of unstable 
crack propagation, the total energy release G"q consists of initiation fracture energy 
release Gj™ and the critical value of the cohesive breaking energy G^ . Extensive 
test results using two specimen geometries, namely three-point bending test of size 
range 150-500 mm and wedge splitting test of size range 200-1000 mm, on deter- 
mination of double-G fracture parameters and double-^ fracture parameters were 
presented by Xu and Zhang (2008). Concrete mixes for different test geometries 
were different. From test results it was found that some scatter in the values of 
characteristic fracture parameters was observable even for the same specimen size 
of particular specimen geometry. In general, it was noticed that the obtained frac- 
ture parameters are dependent on the specimen size. Further, within certain scatter 
range in the test results, it was concluded that the double-G fracture parameters were 
size independent over the size range of 200 mm. The values of G"^ and G"^' were 
found to be approximately 50 and 11 N/m, respectively, for three-point bending 
geometry, whereas those values for wedge splitting specimens were approximately 
90 and 16 N/m, respectively. The double-G fracture parameters were converted to 
the effective initiation toughness K^^ and effective unstable fracture toughness K'^^ 
equivalent to the double-A" fracture parameters using the relationship K — y/EG. 
It was found that the values of equivalent fracture parameters in terms of stress 
intensity factors at the onset of crack initiation and the onset of unstable fracture 
using double-G fracture criterion and double-^ fracture criterion are very close. The 
experimentally observed discrepancy in double-G fracture parameters due to speci- 
men geometry and size effect paves the way for further systematic investigation in 
case the input data could be obtained numerically. 



2.8 Comparative Study and Size-Effect Behavior 

Karihaloo and Nallathambi (1989a) used the test data of three-point bending 
specimens for the comparison of improved effective crack model and the two- 
parameter fracture models. It was found that predictions from both the models are 
in good agreement. From the various sources of experimental results, Karihaloo and 
Nallathambi (1989a) showed that fracture toughness values obtained from the effec- 
tive crack model and the two-parameter fracture models and also from the effective 
crack model and the size-effect model are in good agreement. A similar predic- 
tion between the effective crack model and the two-parameter fracture model was 
also observed from the comparison of fracture parameters using different sources of 
experimental results (Karihaloo and Nallathambi 1991). It was found that irrespec- 
tive of the concrete strength, the fracture parameters obtained using the effective 
crack model (^j^^ and cie) are practically indistinguishable from the corresponding 
parameters (^j^^ and CTODcs) determined using the two-parameter model. 

The size-effect relationships between fictitious crack model, size-effect model, 
and two-parameter fracture model were developed in the past (Planas and Elices 
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1990), which predicted almost the same fracture loads for practical size range (100- 
400 mm) of pre-cracked concrete beam for three-point bending test geometry. It 
was observed from the size-effect study that fracture loads predicted by the size- 
effect model and the two-parameter fracture model could diverge about 28 and 
3%, respectively, for asymptotically large-size (D—^oo) beam. Later, based on the 
similar approach (Planas and Elices 1990), a size-effect study between fictitious 
crack model and effective crack model was presented by Karihaloo and Nallathambi 
(1990). In the study, it was shown that the predicted fracture loads from both the 
models for the practical size range of notched concrete beam in three-point bending 
test configuration are indistinguishable and in the asymptotic limit (of infinite size), 
the predictions differed by about 17%. 

The numerical results of K^^ in TPFM and Gfb in SEM are very similar (Tang 
et al. 1992, Bazant et al. 1991, Bazant 1994, 2002) and approximately equivalent 
throughout the whole size range and the second parameter of each model can be 
obtained by 
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where E' is E/{1 — v^) for plain strain and is E for plain stress case. 

Ouyang et al. (1996) established an equivalency between the two-parameter frac- 
ture model and the size-effect model based on infinitely large-size specimens. It 
was found that the relationship between CTODcs and Cf theoretically depends on 
both specimen geometry and initial crack length and both the fracture models can 
reasonably predict fracture behavior of quasibrittle materials. 

Guinea et al. (1997) compared the maximum load size effect for laboratory-size 
beam specimens, notched or unnotched using cohesive crack model with linear and 
trapezoidal softening functions. It was found that a linear softening function is accu- 
rate enough to predict adequately the observed maximum load size effect for current 
laboratory beams and the solution of the problem of extracting the softening func- 
tion from a set of experimental peak loads is nonunique. Additional experimental 
information, such as the load-displacement curve, is needed to pick out a suitable 
softening curve. 

Planas et al. (1997) proposed a general formula to predict the size effect of pre- 
cracked specimens with a greater accuracy. The formula is applicable for concrete 
material being analyzed using cohesive crack model with initial linear softening. 

Xu et al. (2003) conducted concrete fracture experiments on both the three-point 
bending notched beams and the wedge splitting specimens with different relative 
initial crack length according to the experimental requirements for determining the 
fracture parameters in the double-A" fracture model and the two-parameter fracture 
model. The comparative results showed that the critical crack length Oc determined 
using the two different models is hardly different. The values of K"^ and CTODc 
measured for the double-A" fracture model are in good agreement with ^j^ and 
CTODcs measured for the two-parameter fracture model. 
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Hanson and Ingraffea (2003) developed the size-effect, two-parameter, and ficti- 
tious crack models numerically to predict crack growth in materials for three-point 
bending test. The investigation showed that even if the three models predict the 
same response for infinitely large structures, they do not always predict the same 
response on the laboratory-size specimens. However, the three models do agree at 
the laboratory-size specimens for certain ranges of tension-softening parameters. It 
seemed that the relative size of tension-softening zone must be less than approxi- 
mately 15% of the ligament length for the two-parameter fracture model to predict 
similar behavior as of fictitious crack model. Further, it appeared that the total rel- 
ative size of tension-softening zone is not an indication for the size-effect model to 
predict the similar response as of the fictitious crack model. 

Roesler et al. (2007) plotted the size-effect behavior of experimental results, 
numerical simulation using cohesive crack model, size-effect model, and two- 
parameter fracture model for three-point bending test specimens. From the analysis 
of results, it is found that the size-effect behavior calculated from the size-effect 
model and two-parameter fracture model resembles closely. 

From the fracture tests (Xu and Zhang 2008), it is also clear that the correspond- 
ing values of double-i<r fracture parameters and double- G fracture parameters are 
equivalent at initial cracking load and unstable peak load. 

Cusatis and Schaffert (2009) presented precise numerical simulations based on 
cohesive crack model for computation of size-effect curves using typical test con- 
figurations. The results were analyzed with reference to SEM to investigate the 
relationship between the size-effect curves and the size-effect law. The practical 
implications of the study were also discussed in relation to the use of the size- 
effect curves or the size-effect law for identification of the softening law parameters 
through the size-effect method. 



2.9 Weight Function Approach 

The principle of weight function is a powerful method to determine the stress inten- 
sity factors (SIFs) of cracked bodies in complex stress fields, viz. thermal or residual 
stress. In concrete structures, the complex nonlinear stresses develop due to the pres- 
ence of large FPZ ahead of initial crack tip. In such situation, the use of weight 
function reduces the need for finite element or boundary element techniques and 
it provides simple means for calculating stress intensity factors. Bueckner (1970) 
first introduced the use of weight function to calculate the stress intensity factors. It 
was shown that for a given cracked body, the weight function depends only on the 
geometry and it is independent of the applied loads. Subsequently, Rice (1972) fur- 
ther simplified the determination of SIFs using weight function method. For a linear 
elastic body subjected to any symmetrical loading, it was proved that if the stress 
intensity factor and corresponding crack face displacement are known as functions 
of crack length, then the stress intensity factor for any other symmetrical load- 
ing acting on the same body may be directly determined. The advantage of using 
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weight function is that once it is obtained for a given cracked geometry and refer- 
ence loading(s), SlFs of the same geometry for any mode I loading cases may be 
determined. In case of repeated calculation of SIFs for a given cracked geometry, the 
use of weight function method will be an alternative and efficient solution method 
as compared to numerical methods. 



2.9.7 Some Existing Weight Functions 

Petroski and Achenbach (1978) proposed a general approximate expression of crack 
surface displacement Ur as given below: 
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where F{a/W) — Ki-/{ao^{7Ta)) is the nondimensional geometric correction factor 
and G{a/W) is an unknown function to be determined using Eq. (2.38). The Ki is 
the known reference SIP corresponding to externally acting stress cTq and ct(x) is 
the crack-line stress of an uncracked body due to applied stress ao. Complicated 
geometry even with simple applied stress CTq will result in complex stress a(x). For 
such cases, the use of Eqs. (2.37) and (2.38) may be cumbersome. Further, Fett 
(1988) showed that the inaccurate results of weight function may be obtained for 
rapidly changing reference stress if expressions of Petroski and Achenbachs (1978) 
are used. Fett et al. (1987) proposed a general expression of weight function in the 
following form: 
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Sha and Yang (1986) introduced the following form of the general expression of 
weight function: 
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The number of terms in the expression (2.39) to be considered for a particular 
geometry is uncertain and it is mentioned elsewhere (Glinka and Shen 1991) that 
some of the weight functions cannot be accurately expressed even by using seven 
terms of the expression (2.39). 

Glinka and Shen (1991) revealed that using expression (2.40), it is possible 
to approximate weight functions for mode 1 cracks with one four-term universal 
expression. In the four-term universal weight function, the number of unknown 
parameters are three (Mi, M2, and M3) which can be determined directly from three 
known reference SIFs without using the crack face displacement function. If the 
three reference SIFs ^ri, K^j, and Kr3 and the corresponding crack-line stress fields 
ovi, (7^2, and CTj3, respectively, are known, the simultaneous algebraic equations may 
be written in the following form. Shen and Glinka (1991) derived the universal form 
of weight function for different crack geometries subjected to mode I loadings. The 
results thus obtained were compared with the available analytical solutions and it 
was observed that the difference in results is less than 2%. 



2.9.2 Universal Weight Function for Edge Cracks in Finite 
Width Plate 

Several analytical and numerical solutions are available to compute the approxi- 
mate weight functions for the edge cracks in finite width plates. These parameters 
are computed using the analytical weight function for an edge crack in a finite 
width plate presented by Kaya and Erdogan (1980). Wu (1984) presented approx- 
imate weight function for edge cracks in finite plate subjected to a pair of normal 
forces acting at the crack faces. The general approximate expression (Petroski and 
Achenbachs 1978) of crack surface displacement was used for the derivation of the 
weight function. The solution of SIF using weight function and Green's function of 
Tada et al. (1985) was compared, and it was shown that the difference in the results 
would be more for deeper cracks. Glinka and Shen (1991) presented the values of 
parameters Mi, M2, and M3 of the four-term universal weight function in a tabular 
form at discrete values of crack length/width ratios using the analytical weight func- 
tion for an edge crack in a finite width plate (Kaya and Erdogan 1980). Furthermore, 
Moftakhar and Glinka (1992) and Wu et al. (2003) have presented the expressions 
for the parameters of the universal weight functions using the same analytical weight 
function. 

2.9.3 Computation of Stress Intensity Factor and Crack Face 
Displacement 

Generally, numerical integration of weight function is done using specialized 
method which allows removal of the integrable crack-tip singularity and enables 
one to obtain the stress intensity factors and crack face displacements in an efficient 
manner. Moftakhar and Glinka (1992) presented a numerical technique for simple 
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and efficient integration of universal weight function to calculate the stress intensity 
factors in mode I fracture problem for any nonlinear stress distribution normal to 
the crack surfaces. 

Daniewicz (1994) compared the numerical results of the stress intensity fac- 
tors and crack face displacements for the edge-cracked half-plane under uniform 
tension applying both Gauss-Chebyshev and Gauss-Legendre quadratures. It was 
shown that Gauss-Chebyshev quadrature is superior in terms of both accuracy and 
computational efficiency. 

Kiciak et al. (2003) introduced a method of calculating stress intensity factors for 
cracks subjected to complex stress fields using the universal weight functions. It was 
shown that the weight functions enable the determination of stress intensity factors 
for a variety of geometrical and stress field configurations. Because of singularity 
problem at integral boundaries, numerical integration of weight functions is difficult 
and computationally inefficient. 

An alternative exact analytical solution for the weight function integral over dis- 
crete intervals was introduced by Anderson and Glinka (2006) to obtain the stress 
intensity factor using constant, linear, and quadratic fit of stress distribution along 
the crack line. The quadratic method is the most computationally efficient which 
yields the convergence with a small number of integration increments. 



2.10 Scope of the Book 

It can be concluded from the extensive literature review that the nonlinear frac- 
ture models based on the numerical approach are relatively more cumbersome in 
computations and the fracture models based on the modified LEFM can be applied 
to common engineering problems with relatively more computational efficiency to 
study the crack propagation phenomena of concrete and concrete structures. The 
double-A" fracture model, A'R-curve method based on cohesive stress distribution, 
and the double-G fracture model belonging to the modified LEFM concept can 
predict the important stages of fracture processes such as crack initiation, stable 
crack propagation, and unstable fracture unlike the two-parameter fracture model, 
size-effect model, and effective crack model which can predict the fracture loads at 
critical condition only. Further, the complete fracture process can be analyzed using 
the ^R-curve method. Existing analytical methods for determining the double-ZT 
fracture parameters and the K^ curve need specialized numerical technique because 
of singularity problem at the integral boundary. It is also clear that the concrete 
fracture parameters are influenced by many factors such as softening function of 
concrete, concrete strength, specimen size (characteristic size, depth D), specimen 
geometry, geometrical factors, and loading condition. In order to focus the recent 
development on the behavior of fracture parameters for crack propagation in con- 
crete, the following scopes as shown in Fig. 2.24 are considered in this book which 
are mainly based on the studies carried out by Kumar (2010) and Kumar and Barai 
(2008a-c, 2009a-f, 2010a, b): 



2.10 Scope of the Book 
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Scope of the present text book 



I 



Overall know- 
how of fracture 
models with 
exhaustive 
literature review 



Development of FCM 

for predicting fracture 

behavior of concrete 

for TPBT and CT 

specimens 



Computation of 
SEM 



Size- effect 
study of SEM 
and FCM 



Development of 

Double-TT 
Fracture Model 



Preliminary 
studies 



Influence of 
softening function 
of concrete with 
TPBT geometry 


Influence of 

softening function of 

concrete with CT 

geometry 



Analytical 

Method and 

Simplified 

Method 



Novel idea using Weight 
Function Approach 



Validate DKFM 

with existing test 

data on TPBT 

geometry 



Validate DKFM with 

existing test data on WST 

and CT geometries 



Size-effect study 

between DKFM 

and FCM 



Development of 
the ^n-curve 



Analytical 
Method 



Influence of specimen geometry and 

loading condition and detailed 

comparison of DKFM among 

Analytical Method, Simplified Method 

and Weight Function Approach 



Detailed comparison 

between DKFM and 

DGFM 



Validate ^^^-curve 
with tests data on 
TPBT geometry 



Effect of 

Specimen 

geometry, 

loading condition 

and size-effect 

on the A^D-curve 

and related 



Comparative study between 

various fracture parameters 

obtained from different nonlinear 

models 



Fig, 2,24 An overview of different topics of the content 



To develop the cohesive crack model for various test configurations (viz. three- 
point bending, four-point bending tests and compact tension specimen) and carry 
out a systematic and careful study of the effect of various softening function on 
the numerical results. Comparison of numerical results obtained from the model 
with experimental results is available in the literature. 

To introduce closed-form equations using weight function approach for deter- 
mining the double-^ fracture parameters and the Kr curve associated with the 
cohesive stress. 

To validate the weight function approach for determining the double-^ fracture 
parameters and carry out in-depth analysis of the results using the experimental 
test results of various test configurations available in the literature. 
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• To study size-effect between various concrete fracture models including double-A" 
fracture parameters. 

• To analyze the comparative results of double-A" fracture parameters obtained from 
existing analytical method, simplified approach, and weight function method. 
Investigation of the effect of specimen geometry, loading condition, relative 
initial notch length, and softening function on the double-ZiT fracture parameters. 

• To investigate the equivalency between double-A" fracture model and double-G 
fracture model. 

• To compare the /Tr curve based on cohesive force using the existing analytical 
method and the weight function method as introduced by the authors (Kumar and 
Barai 2008a-c, 2009a-e). 

• To analyze the effect of specimen geometry, loading condition, and size effect on 
the ^R curve based on cohesive force and other associated fracture parameters. 

• To carry out a comparative study between fracture parameters obtained from 
different concrete fracture models like FCM, TPFM, SEM, ECM, DKFM, and 
DGFM. 

2.11 Closing Remarks 

In this chapter, an exhaustive literature review was carried out within the premises of 
the topics considered in the book. Basic background on various aspects of fracture 
process, fracture test specimens, and development of the different nonlinear frac- 
ture models of concrete was illustrated. Critical observations limited to behavior 
of different fracture parameters for crack propagation in concrete were highlighted 
based on the investigations available in the literature. Finally, various topics to be 
considered in the subsequent chapters were outlined. 
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Chapter 3 

Fracture Behavior of Concrete using Cohesive 

Crack and Size-Effect Models 



3.1 Introduction 

This chapter gives an idea of the nonlinear fracture behavior of concrete using 
cohesive crack and size-effect models. Initially, the formulation and development 
of cohesive crack model for three-point bending test and compact tension specimen 
are presented. Then a systematic study on the several cohesive crack fracture param- 
eters for the TPBT and CT specimen with various softening functions is carried out. 
Toward the end, with reference to cohesive crack model, the size-effect study from 
size-effect law is investigated using three-point bending test. The contribution in 
this chapter is mainly based on work done by Kumar (2010) and Kumar and Barai 
(2008, 2009). 



3.2 Cohesive Crack Model for Three-Point Bending Test 
3.2.1 Formulation Based on Energy Principle 

Assuming that under condition of proportional and monotonic loading in mode I 
crack propagation, no unloading occurs in the fracture process zone and the process 
zone boundary can be defined by only one variable, i.e., the crack length a. The 
potential energy 11 of a cracked body as shown in Fig. 3.1 is written as (Li and 
Liang 1994) 

n (m;, P,a)^ j W(Sij)dV- j Fjiii dV-P j bm dA+ j 0(w)dA (3.1) 

V V At Ap 



where W is the strain energy density function defined in the body, sij is the strain 
field, Fj is the body force, m, is an admissible displacement field for the system, bi 
is the boundary force distribution defined in the part of boundary Aj. The potential 
can be defined for any given cohesive law a = /(w) as 
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Fig. 3.1 Definition of 
potential energy of a cracked 
body 



P.bi 




(p{w) 



/ 



/(v)dv 



(3.2) 



The positive sign of the surface potential is due to fact that the positive direction 
of cohesive forces is in the opposite direction to that of the crack opening displace- 
ment. The displacement equilibrium of the system is obtained by equating to zero 
the first-order variation of the potential n with respect to displacement: 



= Ylu.&Ui = / aijSsij dV- f Fi&ui dV-P f biSui dA 

V V At 

+ ffiw)8wdA 



(3.3) 



All possible equilibrium states of the system cannot be determined using 
Eq. (3.3). Among all the displacement equilibrium states that satisfy Eq. (3.3) for 
different combinations of given P and a, there is one combination which satisfies 
the following crack equilibrium equation: 



o=n« 



an 

da 



da 



— f W(sii)dv- f Fm dV-P f bm dA 

aa \y ■ y 



At 



(3.4) 



/ (t){w)dA, V5a > 



Ap 



For linear elastic body and constant body forces, the terms in the parenthe- 
sis on the right-hand side of Eq. (3.4) can be recognized as the energy release 
rate, whereas the last term is the energy needed to create a unit area of process 
zone, which is deformation dependent and not as constant material property. Hence, 
Eq. (3.4) is equivalently written in terms of stress intensity factors as 



{Pkv + K„r^Q or Pkp + Ka 







(3.5) 



where ^p is the stress intensity factor at the process zone tip due to unit applied load, 
P — 1, and Kc is the stress intensity factor at the process zone tip due to cohesive 
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Stress in the process zone. The basic feature of cohesive crack model is represented 
by Eq. (3.5). The equation states that the algebraic summation of stress intensity 
factors at the crack tip due to the external loading, constant body force, boundary 
force, if any and the cohesive stress distribution in the process zone is zero. This 
statement eliminates the stress singularity at the crack tip of the structure and a 
finite stress acts near the crack tip. 

3.2.2 Basic Assumptions 

The following assumptions are considered in the development of cohesive crack 
model (Petersson 1981, Carpinteri 1989a-c, Carpinteri and Colombo 1989, 
Carpinteri et al. 2006): 

1 . The bulk of material behaves in a linear elastic and isotropic manner. 

2. The cohesive process zone begins to develop when the maximum principal stress 
becomes equal to the tensile strength. 

3. The material is in partially damaged condition and is still able to transfer the 
stress known as cohesive stress a after formation of cohesive fracture zone. The 
cohesive stress depends on the crack opening displacement w. For mode I open- 
ing, (T acts normal to the crack faces as shown in Fig. 3.2 and is related to w as 
below: 



a =/(w) 



(3.6) 



Also from the definition of softening function of concrete 

/t=/(0) 



(3.7) 




Fig. 3.2 Stress disti'ibution and cohesive crack growth in mode I opening for concrete 
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and total fracture energy Gp is mathematically written as 

Wc 

Gf= /"/(w)dw (3.8) 



The structural behavior can be analyzed using the parameter called characteristic 
length Ich- 

EGf 
/ch = —f (3.9) 

ft 

The characteristic length is an inverse measure of the brittleness of the material. 



3.2.3 Finite Element Discretization 

Two material lengths (i) the fracture process zone and (ii) the width of the FPZ have 
always been a matter of research in the fracture modeling of concrete. Experimental 
results (Petersson 1981) show that the size of FPZ is significant and comparable, 
whereas its width is normally small (in the order of maximum aggregate size) with 
respect to the characteristic dimension of a structure. Depending upon a method of 
analysis, these material lengths are considered or ignored during numerical simula- 
tion. The fictitious crack model or cohesive crack model assumes the FPZ collapsed 
into a line or a surface in two- or three-dimensional analysis, respectively. When a 
single macroscopic crack opens in a fixed direction under a pure mode I loading, 
the cohesive crack can be modeled easily by employing procedures proposed by 
Petersson (1981) and was further modified by Carpinteri (1989a-c) and Planas and 
Elices (1991). In this method the number of fracture nodes along the potential crack 
line is kept as fixed in the standard linear elastic FEM. The potential fracture line 
for the TPBT specimen is shown in Fig. 3.3 for finite element implementation. The 
crack opening nodes are taken from 1 at the bottom to n at the top along the potential 
fracture line. The crack opening displacements along the fracture line due to exter- 
nal force of the structure are grouped in the column matrix w and corresponding 
nodal forces into a column matrix F. The other remaining nodal displacements and 
nodal forces for rest of the structure are grouped into column matrices wr and Fr. 
Then partitioned form of associated finite element equation can be written as 

Considering that no other forces are acting on the rest of the specimen, [Fr] — 0, 
and eliminating out all the displacement components of wr, the matrix equilibrium 
equation is obtained as 
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Fig. 3.3 Finite element pair 
of nodes along fracture line 




[F] = [Kf] {w} 



(3.11) 



in which 



[^f] = [^cc] - [^cr] [^rr] [^rc] 



(3.12) 



The crack opening for n nodes along the fracture zone is further expressed in the 
following form for convenience: 



M^[K]{p} + {C}P+{p^} 



(3.13) 



where [w] is the vector of crack opening displacement at node /, [K] is the symmetric 
matrix and the value of Kg is the crack opening displacement at node / by a unit 
opening nodal force applied at node j, {p} is the vector of nodal forces, [C] is the 
vector of crack opening displacement at node i when P — unit value, and {pg} is the 
vector of crack opening displacement at node / due to self- weight of specimen. 

In the present study, the enhanced influence method (Planas and Elices 1991) is 
used to solve Eq. (3.13). Assuming that the total number of fracture nodes are n 
and initial crack tip lies at kth node, according to enhanced influenced method, Eq. 
(3.13) may be partitioned between the notches from nodes i — 1, 2, 3, . . . , (A: — 1) 
in the notch portion and from i — k,{k+ 1), (A: + 2), . . . , n in the ligament portion. 
Hence, the partitioned equation (3.13) may be written in the following form: 



WL 






PN 
PL 



Cl 



PSN 
[PSL 



(3.14) 



The subscripts N and L denote notch portion for / = 1 , 2, . . . , (fe— 1 ) and ligament 
zone for i — k,{k+l),(k + 2), . . . ,n. Since width of crack opening in ligament zone 
is zero and initial notch portion is traction-free zone, it may be written as 
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{/?N} = {0},for/=l, 2, 3, ..., (k-l)] ^^^^^ 

{wl} = {0} , for / ^k,(k+ 1), (k+2),...,n 
Equations (3.14) and (3.15) yield 

{pL} = [Mll] {wl} - [Mll] {Cl} P - [Mll] {pg^} 



where 



Mll = ^LL, {T^l} = [Mll] {Cl} , {T^} = [Mll] {pgh} 

{pL}^[MLL]{WL}-{TL}P-{Tg} 



(3.16) 



(3.17) 



Further, the ligament portion may be partitioned between cohesive (damaged) 
zone and uncracked (or undamaged) zones along the fracture line. Let cohesive zone 
form between the nodesy — k, (A:+ 1), . . . , / and undamaged part isj — (/+ 1), (/+2), 
. . . ,n. Hence after further partitioning of Eq. (3.17), it may be written as 



PLC 
PLU 



Mllcc Mllcu 
Mlluc Mlluu 



WLC 
WLU 



^LC 
T^LU 






(3.18) 



where subscripts C and U denote cohesive zone for j — k, {k + \), . . . ,1 and 
undamaged zone for j — (/ + 1), (/ + 2), . . . , n. Since width of crack opening 
displacements in undamaged zone and also at the last node of cohesive zone is zero, 
mathematically it is expressed as 



{WLUI = {0} , {WLCI/^/ = 

Equations (3.18) and (3.19) yield 

{pLc} = [Mllcc] {h-lc} - {^lc} P - [Tgc] 



(3.19) 



(3.20) 



For J — /th node, the applied load P may be expressed as 



z-i 



E {Mllcc};,/{wlc}/ - {pLc}/=/ - {T'gc}: , 



{^LC} 



./=' 



(3.21) 



For the nodes j — k, (k + 1), (A: + 2), ...,(/ — 1) and using Equations (3.20) 
and (3.21), it can be formed as many number of nonlinear simultaneous equations 
as the cracks are opened in the cohesive zone. The functional form of the nonlinear 
simultaneous equations may be expressed as 
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{Z} = [Mllcc] {wlc} - {PLC 



E {Mllcc}/,/{wlc}/ - {/?Lc}/=/ - { rgc } .^, (3.22) 



If proper sign convention is used, it can be written as [puz] — — ^uc/(wlc)> 
wiiere for regular discretization of uniform mesh size h, F^c — Bhfx for all values of 
/ except i — k and / — n; and F^c — Bhfi/2 for i — k and / — n. The solution of Eq. 
(3.22) is obtained using Newton-Raphson method. The function Z and its Jacobian 
matrix for unknown crack opening displacements using different softening functions 
are programmed in separate functions. Thus, this method becomes powerful and as 
many types of softening laws as possible can be incorporated into a program. After 
the solution of Eq. (3.22) for {wlc}, the values of P and {puz] can be determined 
using Equations (3.21) and (3.20), respectively. Going back to Equations (3.19), 
(3.18), (3.17), (3.15), (3.14), and (3.13), it is possible to determine all unknown 
values of {w} and {p}. 



3.2.4 Beam Deflection 

Also, for the known values of {p} and F, the central deflection of beam 8 is 
determined as 

5=DLf+{Dp}^{p}+Dg (3.23) 

where Dl is the load point deflection when external load P is unity, {Op} is the 
vector of load point deflection when unit load vector [p] — {1}, Z)g is the load 
point deflection due to self-weight of the specimen. [A'],{C}, {po\, {Dp\, and Dg 
in Eqs. (3.13) and (3.23) are the known quantities and can be computed using stan- 
dard linear elastic finite element method. In the present study, due to symmetry, half 
of the beam is discretized using four-node isoparametric quadrilateral elements as 
shown in Fig. 3.4. A typical four-node isoparametric plane element is also shown 
in Fig. 3.5. For the sake of simplicity in element connectivity and nodal coordinate, 
the beam is divided into three bands of length: D/4, 3D/4, and D, respectively, along 
its longitudinal direction. For this particular case, the number of meshes in each 
band is taken to be 16, 5, and 5, respectively. However, these numbers can be cho- 
sen arbitrarily to any value depending upon the memory capacity of the computer. 
The number of divisions along depth of the beam is fixed as 60 for this particular 
discretization. Six number of nodes from the top is restrained against movement 
in horizontal direction to allow the development of cohesive zone along potential 
fracture line. 

For the sake of simplicity in element connectivity and nodal coordinate, the beam 
is divided into three bands of length: DIA, 3D/4, and D, respectively, along its lon- 
gitudinal direction. The number of division in the band D/4 is so selected such that 
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Fig. 3.4 Finite element mesh P/2 no. of elements = 1560, No. of d.o.f = 3294, No. 



for half of the beam with 55 
fracture nodes 



of fracture nodes = 55 
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Fig. 3.5 Typical four-node 
isoparametric plane element 
in (^,ri) coordinates 
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the aspect ratio of the FE mesh becomes 1 or almost 1. In the other two bands 3D/4 
and D along the length of the beam, the number of divisions was kept arbitrary to 
be low. Numerical experiments were carried out by varying the aspect ratios in the 
bands of 3D/4 and D while keeping the aspect ratio of the FE mesh in the band 
D/4 as 1 for relatively coarser FE mesh size. It was found that the influence coef- 
ficients along the crack line did not change appreciably in these cases. Further, a 
convergence study was also carried out with a benchmark problem (Carpinteri and 
Colombo 1989) of TPBT specimen for which B — 150 mm, D — 150 mm, and 
S — 600 mm were taken into consideration. The material properties were taken as 
V = 0.10, £ = 36.5Gpa,/t = 3.19MPa, and Gf = 50N/m with linear softening 
function. In this case, the number of divisions along the dimension D was taken as 
40. The numbers of divisions of 10, 15, and 5 were considered in the bands D/4, 
3D/4, and D, respectively. The number of nodes along fracture line was taken to be 
37. The PS curves for the Oq/D ratios and 0.5 were simulated from the present 
model and the results were compared (Kumar, 2010) with the solution obtained 
by Carpinteri and Colombo (1989). From the comparison, it was observed that the 
numerical results obtained in the present calculation were very close to the reported 
results (Carpinteri and Colombo 1989). 
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In the subsequent numerical simulation, the FE mesh has been further refined 
and the number of meshes in each band is taken to be 16, 5, and 5, respectively. The 
number of divisions along the depth of the beam is fixed as 60 for this particular 
discretization. Six numbers of nodes from the top is restrained against movement 
in horizontal direction to allow the development of cohesive zone along potential 
fracture line. 



3.2.5 Model Implementation 

The finite element discretization as shown in Fig. 3.4 is adopted in which the num- 
ber of elements is 1560, the number of degree of freedom (d.o.f.) is 3294, and the 
number of fracture nodes along the potential fracture line is 55. First, the linear 
elastic finite element program is executed to obtain the influence coefficients such 
as [A'],{C}, {pg}, {Dp}, D]^, and Dg. These coefficients are determined once and 
for all and used for cohesive crack propagation program. Initially, since the struc- 
ture is linear elastic, the tensile stress at the ^h node will exceed the tensile strength 
of concrete and this node is opened first. Thereafter, cohesive stress starts to act 
across the opened node pair according to a particular softening law. At this point 
the basic unknown quantities, viz. {wuz] j=k.(k+\),...,(i-i) ^'^'^ ^' ^^^ determined using 
Eqs. (3.21) and (3.22). Subsequently, the values of {w} and {/?} are computed and 
then the deflection of the beam is obtained using Eq. (3.23). In this step, the first 
point of P-CMOD and load-deflection {P-S) curves are thus determined. In the sec- 
ond stage of calculation, the external load is increased and at some particular value 
of the load, the tensile stress at node (A: + 1 ) is greater than the tensile strength of 
concrete. At this point, (A:+ l)th node pair also gets opened and cohesive stress starts 
to act at this node. Following similar process as mentioned above, the second point 
of P-CMOD and P-8 curves are obtained. This process is continued till the node 
pair (/-I) in cohesive zone is opened and the program gets terminated when / — n. 
The basic unknowns in every step are as many as the numbers of nodes opened in 
the cohesive zone. At each step of computation the value of COD is checked and 
when it becomes greater than or equal to Wq, the corresponding value of nodal force 
goes down to zero. A flowchart as shown in Fig. A. 1 for the development of this 
model is presented in Appendix. 



3.3 Softening Function of Concrete 

Some widely used softening functions such as linear (Hillerborg et al. 1976), bilin- 
ear (Petersson 1981, Wittmann et al. 1988, CEP-FIP Model Code-1990 1993), 
exponential (Gopalaratnam and Shah 1985, Karihaloo 1995), nonlinear (Reinhardt 
et al. 1986), and quasi-exponential (Planas and Elices 1990) available in the 
literature are mathematically expressed below. 
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3.3.1 Linear Softening Function 



(T^ft(l-^\ for 
CT = 0, for w > Wc 



< W < Wc 



and 



Wc 



2Gf 



(3.24) 



(3.25) 



3.3.2 Bilinear Softening 

The bilinear softening as shown in Fig. 3.6 is completely expressed as 



w 
a — fi — (fi — CTs) — , for < w < w, 

Wc — W 

a — as , for Ws < w < Wc 

Wc — Ws 

a — 0, for w > Wc 



(3.26) 



The area under the softening curve is 



^ (as + /Js). 

Gf = ftWc 



(3.27) 



The values of kink point in nondimensional form are q!s — as/ft and Ps — Ws/wc, 
where as and Ws are the ordinate and abscissa at the point of slope change of bilinear 



Fig. 3.6 Generahzed bilinear 
softening function 
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softening curve, respectively. Petersson (1981) used the values of as — 1/3 and 
Ps — 2/9 and hence Eq. (3.27) is expressed as 

3.6Gf 

Wc = -—^ (3.28) 

/t 

The values of «§ = 1/4 and ;Ss = 3/20 in bilinear strain-softening diagram were 
found suitable to simulate the P-COD behavior of CT specimens (Wittmann et al. 
1988). In this case, the following relation can be obtained: 

5Gf 

wc = — ^ (3.29) 

/t 

CEB-FIP Model Code-1990 (1993) introduced various empirical relations to 
obtain the different parameters of bilinear softening curve. According to the code, 
the values of Wc and the constant k^ depend on the maximum size of aggregates d^ 
as given below: 



rfa (mm) 


vi'c (mm) 


^d 
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0.12 
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16 


0.15 
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32 


0.25 


10 



For the maximum size of aggregate 19 mm (say), the values of Wc and k^ are 
linearly interpolated as Wc — 0.1688 mm and k^ — 6.75. The value of as — 0.15 is 
kept fixed as prescribed in the CEB-FIP Model Code, whereas the value of p^ for a 
given value of Gp (in N/m) may be obtained using the empirical relations given in 
the code: 



GF-22wc(ff)' 

^ "^ ™^ . _ -= (3.30) 



/„ \0.95 

150(t) 



0.95 

nm, Pfi — — 



The following relations are obtained using Eqs. (3.27) and (3.30): 

6.475Gf 

/^s = 0.159, We = --" (3.31) 

ft 

Characteristic parameters of bilinear softening are also determined with the help 
of the following relations proposed by Xu and Reinhardt (1999) and Xu and Zhang 
(2008). This softening function may be termed as the modified bilinear softening 
function and in this case, the Gp may be computed according to relations presented 
in the CEP-FIP Model Code (1990). The other parameters of the modified bilinear 
softening are 
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a, 2-/t.CT0Dc/GF 

ft ap 



1 



(3.32) 



CTODc 



where ap — 9 — d-^i/S and Wc — oiji.Gp/ft- 

3.3.3 Exponential Softening 

Exponential softening (Gopalaratnam and Shah 1985) was originally proposed in 
the following form: 



CT =/texp(-A:w^) 



(3.33) 



where X and k are constant values: X — 1.01 and k — 0.063 and w in microme- 
ters. However, in the present study the following exponential relationship (Karihaloo 
1995) is used: 



CT =/texp -/x 



Wc 



(3.34) 



where /i is the material constant taken SiS fi — 4.6052 for a — 0.01/t and w — Wc, 
and Wc is computed as below: 



4.65 17Gf 



(3.35) 



3.3.4 Nonlinear Softening 

Nonlinear softening relation (Reinhardt et al. 1986) was originally proposed in the 
following form: 



^=/t 



C[W 
Wc 



exp 



(-^V^(l + c^)exp(-C2) (3.36) 



where, ci, cj, and Wc are the material constants. For normal concrete, the three 
parameters in Eq. (3.36) are considered as ci — 3, C2 — 6.93, Wc — 160mm. Also 



Gf = Weft 



1 

C7 



1+6 



3 

C2 



exp (-C2) / 1 



C2 



exp (-C2) 



(3.37) 
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Wc is computed using the above values of ci and c^ and for a given value of Gp in 
Eq. (3.37) as 

5.136GF 

Wc = ^ (3.38) 

h 



3.3.5 Quasi-exponential Softening 

Quasi-exponential softening function (Planas and Elices 1990) is characterized by 
the following expression: 

(T(w) = fr 1(1 +ci)expf^^) - ci], for < w < 5GFc//t 

I \ Gfc / J (-, ^Q^ 

cr(w)=0, for5GFc//t < w, ^ ' 

ci = 0.0082896, C2 = 0.96020 

where ci and C2 are the material constants. 



3.4 Numerical Study Using TPBT Specimen 

3.4.1 Experimental Results and Numerical Computation 

Complete computer programs for calculating the influence coefficients and studying 
crack propagation are developed in MATLAB. For executing the finite element pro- 
gram and crack propagation study for TPBT configuration of notched plain concrete 
beam, the actual tests data recently published by Roesler et al. (2007) are consid- 
ered. The test beam series of B250-80a-c and B150-80b-c for specimen depth 250 
and 150 mm, respectively and test beam series of B63-80b-c and CB63-80a-c for 
specimen depth 63 mm are considered for comparison with the numerical results. 
The beam designation starting with "B" and "CB" is the cast and cut beams, respec- 
tively. These beams have constant beam thickness B of 80 mm and aJD ratio of 
1/3 for all the specimens. Average values of splitting tensile strength /t — 4.15 MPa 
and modulus of elasticity £ = 32 GPa were obtained from tests of the standard 
concrete cylinders (150 mm x 300 mm). Salient features of test result are reported 
in Table 3.1. The average values of Gf = 167, 164, and 119 N/m for specimens 
depth of 250, 150, and 63 mm, respectively, as obtained from the tests are used as 
material property in the model. The details of the experimental results can be seen 
in the work of Roesler et al. (2007). In the present study, splitting tensile strength 
instead of direct tensile strength is approximated as material property of concrete 
and the value of v for normal concrete is assumed to be 0.20. The linear soften- 
ing law, Petersson's (1981) biUnear, CEB-FIP Model Code-1990's (1993) bilinear. 
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Table 3.1 Test results of three-point bending geometry for notched concrete beam 
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Fig. 3.7 P-CMOD curves for specimen depth 250 mm 



Wittmann et al.'s (1988) bilinear, exponential (Karihaloo 1995), and nonlinear soft- 
ening functions (Reinhardt et al. 1986) are incorporated into the computer program. 
The P-CMOD curves obtained from tests as well as numerical result using various 
softening functions for D — 250, 150, and 63 mm are shown in Figs. 3.7, 3.8, and 
3.9 respectively. 
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Fig. 3.8 P-CMOD curves for specimen deptli 150 mm 
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Fig. 3.9 P-CMOD curves for specimen depth of 63 mm 



0.8 



3.4.2 Comparison with Numerical Results Using Linear Softening 

The peak load determined using the numerical model with linear softening function 
is 8319.6 N, whereas the average load obtained in the experiment is 6698.3 N for 
specimen depth of 250 mm. There is an overestimation in the peak load by 24.20% 
for this particular example. 

Similarly, the overestimation in the peak loads using cohesive crack model with 
linear softening is 37.99 and 7.98% for specimen depths 150 and 63 mm, respec- 
tively. The overestimation in predicting the peak load may be attributed to two 
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important reasons: (i) the use of straight Hne softening which is the simplest form 
of the softening relations and (ii) the spHtting tensile strength as a material prop- 
erty, which is roughly 10% higher than the mean uniaxial tensile strength. However, 
the numerical results of cohesive crack model cannot be adequately judged from a 
single set of experimental results. The post-peak response obtained using numeri- 
cal simulation is similar to the experimental results showing softening behavior of 
concrete. 



3.4.3 Influence of Softening Function on the Global P-CMOD 
Response 

The peak nominal stress obtained from the test results (Roesler et al. 2007) is pre- 
sented in Table 3.1. As a particular case, the range of peak nominal stress for 
beam depths 63, 150, and 250 mm is 2.45-3.36, 2.04-2.08, and 1.89-2.08 MPa, 
respectively, showing a wide scatter in results for some cases, and the percentage 
difference between minimum and maximum peak stresses for the above specimen 
sizes is 27.1, 1.92, and 9.13%, respectively. It may be inappropriate to compare 
the peak nominal stress values obtained from test results of a single concrete mix 
with the numerical results and also in present study, the numerical results are gained 
using cohesive crack model considering the splitting tensile strength as a material 
property instead of uniaxial tensile strength. However, the experimental results are 
in good agreement with the numerical results except for beam depth 150 mm with 
different softening functions and for beam depths 250 and 63 mm with linear soft- 
ening curves. The peak nominal stress obtained using cohesive crack model with 
various softening relations (except for linear softening) for 63-, 150-, and 250-mm- 
size beams is 2.73-2.93, 2.35-2.53, and 2.03-2.20 MPa, respectively, showing a less 
scatter in results, and the difference between minimum and maximum peak stresses 
for all sizes of beams is less than 8%. The peak nominal stress using linear softening 
function for 63-, 150-, and 250-mm-size beams is 3.24, 2.85, and 2.50 MPa, respec- 
tively. The post-peak response of P-CMOD curves with different softening curves 
(except linear softening) is slightly varied. On an average, the peak loads predicted 
using linear softening is approximately 10% larger than those obtained using other 
softening functions (bilinear curves, exponential, nonlinear). 



3.4.4 Influence of Kink Point in the Bilinear Softening on the 
Global P-CMOD Response 

Bazant (2002) proposed three-parameter (Gf ,Gf, and ft) bilinear fit which com- 
pletely characterizes the bilinear softening of concrete as given below: 

Wc=^[GF-(l-a)Gf] (3.40) 

a/t 
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where 

Gf = -^ (3.41) 

in which wi is the horizontal intercept of the initial tangent of softening. Bazant 
(2002) assumed a — XjA as proposed by Wittmann et al. (1988) and a fixed 
relationship as 

Gf = 2.5Gf (3.42) 

Equation (3.42) is derived by Bazant and Becq-Giraudon (2002) on the basis of 
238 different test results. In the present calculation, assuming that the relationship 
(Eq. (3.42)) may be influenced by concrete mixes, the value of w\ may be com- 
puted from the size effect of the experimental results according to the proposed 
method mentioned in Guinea et al. (1994) for which the size-effect curve using 
linear softening may be written as 

where ctnu is the peak nominal stress for three-point bending test obtained as 

-Ku = ^ (^ j (3.44) 

The function \|/ in Eq. (3.43) is unique and may be defined once and for all with 
arbitrary values of/i, E, and wi . In this study the average of Gf for the values of 167, 
164, and 119 N/m =150 N/m is used to generate the curve using cohesive crack 
method with linear softening. This curve is known as master curve having abscissa 
XM and ordinate 3^ (Fig. 3.10) as given below: 

/2Z)/t\ CTNu ,^ .,. 

XM = log - — ,3;=—^ (3.45) 

\Ewi) /t 

To get a particular value of w\ so that peak load obtained from the test results 
matches with the theoretical computation, all the nine points of experimental results 
are plotted on the same figure. It is interesting to note that excepting three points 
which belong to the test results of cut beam series CB63-80a-c, the experimental 
results show some definite relationship with the master curve. A straight line fit 
is then obtained using these experimental results which is termed as shifted curve. 
From Fig. 3.10, the magnitude of the shift Ax between the master curve and the 
shifted curve is expressed as 

/2Gf\ 
Ax = XM - X = log — - (3.46) 

Vwi/t/ 
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Fig. 3.10 Peak-load size effect for linear softening 
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The value of Ax is read from the plot and vvi is determined as 

/t 
For this particular test series, the value of vvi is obtained as 

1.0024Gf 



wi = 



/t 



(3.47) 



(3.48) 



Once Eq. (3.48) is established, the relation between Gp and Gf can be obtained 
within limited test series as 



Gf ^ 2Gf 



(3.49) 



For the study of the influence of kink point on the global P-CMOD response, 
the cohesive crack model with three-parameter bilinear softening curve with vary- 
ing values of kink points is simulated. Five different values of as as 1/3, 1/4, 1/5, 
0.15, and 0.10 and corresponding obtained values of /Ss as 0.1673, 0.1506, 0.1339, 
0.1 1 13, and 0.0822 are arbitrarily selected. Thus, the numerical results obtained for 
specimen sizes of 250 mm with Gp 167 N/m, 150 mm with Gp 164 N/m, and 63 mm 
with Gp 119 N/m are compared with the resulting P-CMOD responses at different 
kink points for each size of specimen as plotted in Figs .3.11,3.12, and 3.13, respec- 
tively. It is observed that changing the values of as does not affect the values of peak 
load, whereas the softening branch follows different paths with different values of as 
after the peak. This divergence starts at a decrease of approximately 7.74, 4.16, and 
1.94% of peak load in the softening branch for beam depths 63, 150, and 250 mm, 
respectively. It is also observed from P-CMOD curves that the softening branch 
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Fig. 3.11 Effect of kink point on P-CMOD curve using tliree-parameter bilinear curve for 
specimen depth 250 mm 
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Fig. 3.12 Effect of kink point on P-CMOD curve using three-parameters bilinear curve for 
specimen depth 150 mm 



becomes deeper and deeper (means the values of CMOD decrease at a particular 
load) as the value of as decreases from 1/3 to 0.1. 



3.4.5 Effect of Finite Element Mesh Size on Bearing Capacity 
of the Beam 



Two examples for beam depths of 250 and 150 mm are considered to notice the mesh 
size dependency on the peak load obtained using the numerical results with linear 



84 



3 Fracture Behavior of Concrete using Cohesive Crack and Size-Effect Models 




0.5 - 



0.02 



0.04 



0.06 O.OS 

CMOD, mm 



0.1 



0.X2 



Fig. 3.13 Effect of kink point on P-CMOD curve using three-parameter bilinear curve for 
specimen depth 63 mm 



Fig. 3.14 Finite element 
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Fig. 3.15 Finite element 
mesh for half of the beam 
with 14 numbers of fracture 
nodes 
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softening function. Three different finite element mesh sizes as shown in Figs. 3.4, 
3.14, and 3.15 are considered in which the numbers of fracture nodes are taken to 
be 55, 27, and 14 in the finite element mesh, respectively. 
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The fracture energy and the tensile strength for the calculation are taken as 
150 N/m and /t — 4.15MPa, respectively. The beam thickness for both the 
specimens is the same as 80 mm. For fracture nodes 55, 27, and 14, the peak 
loads determined from the numerical result are 8.0849, 8.0576, and 8.0545 kN, 
respectively, for D — 250 mm, whereas these are 5.5721, 5.576, and 5.5715 kN, 
respectively, for D = 150 mm. It is clear that even if the mesh size is relatively 
coarser, the model is able to predict almost the same values of peak load for both 
sizes of the specimen. For the coarser mesh size, the distances between the clos- 
ing forces are relatively large and it becomes larger when the size of specimen is 
increased. However, as mentioned elsewhere (Petersson 1981), it seems unsuitable 
to use larger distances between the closing forces than 0.2/ch, which ranges from 40 
to 80 mm for concrete. 



3.4.6 Effect of Size Scale on the Type of Failure 

For this study the dimensions of the beams are taken as 5 = 80 mm and S — AD mm 
and the material properties are Gp — 150 N/m and/t — 4.15 MPa with linear soft- 
ening function. Number of fracture nodes is taken to be 55 for each five specimens 
having D — 63, 150, 250, 450, and 650 mm. The load-deflection responses are 
obtained using cohesive crack model and are plotted in Figs. 3.16, 3.17, 3.18, 3.19, 
and 3.20. When the depth of the beam is up to 150 mm (Figs. 3.16 and 3.17), almost 
similar trend of global load-deflection behavior is observed. 

It is clear that the load-carrying capacity decreases and the ductile behavior of the 
beam increases as Qq/D ratio increases. The slope of softening portion is the maxi- 
mum when the beam is uncracked. This slope is approximately infinite for beam of 
depth 250 mm when the beam is uncracked (Fig. 3.18). For the beam of depth equal 



Fig. 3.16 Load vs. deflection 
curve for Z) = 63 mm 



1 ■ 


P 


^ 




6- 
5- 


— ■— ao/D = 1/6 


1 4- 




■a 

(0 

o 3- 




2- 


^ 


1 ■ 


^^^^^"''''^ 




0^ 


^>****^* 


-| 



0.05 0.1 0.15 

Deflection, mm 



0.2 



86 



3 Fracture Behavior of Concrete using Cohesive Crack and Size-Effect Models 



Fig. 3.17 Load vs. deflection 
curve for D = \50 mm 
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Fig. 3.18 Load vs. deflection 25 

curve for D = 250 mm 
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to 450 mm shown in Fig. 3.19, it is observed that the slope of softening branch is 
negative, meaning that the load will exhibit a discontinuity with a negative jump if 
the test is deflection controlled. This is called cusp catastrophe (Carpinteri 1990). 
As the depth of beam is further increased to 650 mm (Fig. 3.20), the formation of 
the cusp catastrophe spreads up to Oo/D ratio of 1/6 approximately. Therefore it is 
observed that either increase in size of the structure or decrease in Oq/D will show 
the increase in opposite patterns of brittleness. 



Fig. 3.19 Load vs. deflection 
curve for D = 450 mm 
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Fig. 3.20 Load vs. deflection 
curve for D = 650 mm 
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3.4.7 Size-Scale Deviation From LEFM Concept 

For geometrically similar structures, Hillerborg and co-workers (1976) initially put 
forward a nondimensional parameter commonly known as brittleness number Pb of 
concrete. In nonlinear fracture mechanics such as cohesive crack method, the param- 
eter Pb is used to assess the applicability of LEFM to concrete. Mathematically, 
Pb is expressed as 



Pb 



D 

kh 



(3.50) 
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To show the deviation from LEFM for concrete structure, the numerical results 
with varying values of /Sb are obtained. For the present study, geometrically simi- 
lar three-point bending configuration beams with B = 80 mm and S — AD and the 
material properties Gp — 150 N/m and/t — 4.15MPa with linear softening func- 
tion are considered. The maximum loads using cohesive crack model Pu ccM and 
well-known LEFM formula Pu.lefm ^s computed at different relative initial crack 
lengths such as Uo/D — 1/6, 1/3, and 1/2. Self-weight of the beam is also taken into 
consideration while calculating Pu,lefm- The LEFM formula (Tada et al. 1985) for 
the standard TPBT is used to calculate the fracture toughness for known value of 
fracture energy Gic as mentioned below: 

Ki^a^^Dkia) (3.51) 

1.99 -a(l-a)(2.15- 3.93a + 2.7^2) 
A:(a) = Va 775 (3.52) 

The maximum nominal stress in the beam due to external load Pu.lefm aid 
self- weight of the structure is given by 



■Pu,LEFM = ry y- (3.53) 

Neglecting the effect of Poisson's ratio as negligible effect in concrete, the critical 
value of stress intensity factor is evaluated using following relation: 

Kic = Vg^ (3.54) 

The results of the ratio Pq_ ccm/Pu, lefm with varying values of /ie are plotted in 
Fig. 3.21. 

From the figure it is observed that the peak load predicted by the use of LEFM is 
normally overestimated as compared to the peak load (or true peak load) obtained 
using cohesive crack model. This deviation is higher at low value of brittleness 
number P^. It infers that the LEFM is inapplicable to concrete of normal size of 
concrete elements. As described elsewhere (Petersson 1981), the LEFM is applica- 
ble to concrete in case the value of /Sb is more than 10. For concrete, the value of 
/ch normally varies between 200 and 300 mm, which implies that LEFM is appli- 
cable only when the beam depth is in-between 2 and 3 m. Recently, Bazant (2002) 
pointed out that the length of FPZ in normal concrete is in the order of 500 mm and 
depending upon the structure size D, different fracture mechanics concepts might 
be appropriate for analyzing the failure behavior. The classical form of LEFM 
may be approximately suitable for the ratio D/FPZ > 100, meaning that LEFM 
might be applied for normal concrete structures for Z) «:; 50 m. 



3.4 Numerical Study Using TPBT Specimen 
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Fig. 3.21 Size-scale transition toward LEFM 



3.4.8 Influence of Softening Function on Size-Effect Curve 

Previous study (Planas and Elices 1990) showed that for the cohesive crack model, 
the generalized size-effect law might be expressed in the following form: 



EGfc 



= 1 + Ci 



C2 



D 



C3 



m' 



(3.55) 



where C/ is the dimensionless coefficients depending on geometry and material 
properties, /Tinu is the stress intensity factor computed for maximum actual loads, 
Pu and initial crack length. Equation (3.55) can be plotted on X-Y coordinates in 
which the left-hand terms and Uh/D of right-hand terms represent Y and X coor- 
dinates, respectively. This equation is made to satisfy in such a manner that CCM 
and LEFM will yield the same result for infinitely large structures (D—^^ oo). For 
geometrically similar beams with B — SO mm, S — AD, and the material proper- 
ties Gp = 150 N/m and/t — 4.15 MPa with linear softening, Petersson bilinear, 
exponential and nonlinear softening functions, the values of ^inu are determined 
using LEFM equations for the known values of peak load obtained using cohesive 
crack model and initial crack length. The self-weight of the specimen is also taken 
into account in the calculation. The size-effect curves are plotted in nondimensional 
forms of inverse of nominal stress intensity factor Ki-^^ at peak load vs. inverse of 
characteristic dimension D at constant aJD ratio of 1/3 as shown in Fig. 3.22. 

It is observed from the figure that the size-effect curves are in general influ- 
enced by the softening function of concrete. However, the Petersson bilinear and 
exponential softening relations yield almost the same result. It is also seen from the 
figure that as the size increases, all size-effect curves seems to be converging and for 
infinitely large structures (D— )-oo) the values of £Gf/^inu^ tend asymptotic value 
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Fig. 3.22 Effect of softening function on the size-effect curves for ao/£* ratio =1/3 



to 1 exhibiting that fracture loads predicted by LEFM and CCM are the same for all 
size-effect curves. 



3.5 Numerical Study Using Compact Tension (CT) Specimen 

A comprehensive and systematic numerical study on the fracture parameters of 
concrete compact tension test specimens of different sizes using cohesive crack 
model is presented in this section. Though the fracture behavior of mode I loading 
remains similar to the TPBT specimen, in-depth analysis of the numerical results 
using various softening functions such as the linear (Hillerborg et al. 1976), bilinear 
(Petersson 1981, Wittmann et al. 1988, CEP-FIP Model Code-1990 1993), expo- 
nential (Karihaloo 1995), nonlinear (Reinhardt et al. 1986), and quasi-exponential 
(Planas and Elices 1990) is considered in the study. The material properties for 
a concrete mix for which /t = 3.21 MPa,^ — 30GPa, and Gp = 130 N/m 
(Planas and Elices 1990) are taken in the present investigation. The value of v is 
assumed to be 0.18. For CT test, specimen thickness B — 100 mm and size ranging 
100 < D < 600mm are taken into consideration. The term {pg} in Eq. (3.13) due 
to self-weight of the structure is neglected in the analysis. The values [K] and { C] 
of Eq. (3.13) are computed using standard linear elastic finite element method for 
which the fracture nodes are shown in Fig. 3.23 and half of the specimen as dis- 
cretized due to symmetry using four-node isoparametric quadrilateral elements is 
shown in Fig. 3.24. The specimen is divided into three bands of length 0.075Z), 
0.225Z), and 0.3A respectively, along its longitudinal direction. The number of 
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Fig. 3.23 Finite element pair 
of nodes along fracture line 
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Fig. 3.24 Finite element 
mesh for half of the CT 
specimen 
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meshes in each band is taken to be 6, 18, and 6, respectively. The number of divi- 
sions along the depth of the specimen is fixed as 80. Three numbers of nodes from 
the top in horizontal direction and the top end in vertical direction are restrained 
against movement to allow the development of cohesive zone along potential frac- 
ture line. Then number of elements, number of degrees of freedom (d.o.f.), and 
number of fracture nodes along the potential fracture line become 2400, 5022, and 
78, respectively. 



3.5.1 Global P-COD Response Using Linear Softening Function 



The numerical results of global response of P-COD curves with linear softening are 
presented in Figs. 3.25, 3.26, and 3.27. 
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Fig. 3.25 Load-COD curve using hnear softening for D = 100 mm 
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Fig. 3.26 Load-COD curve using linear softening for D = 600 mm 



Figures 3.25 and 3.26 are plotted for D — 100 and 600 mm, respectively, for 
different initial notch length/depth {cIq/D) ratios ranging from to 0.5, whereas 
Fig. 3.27 is plotted for constant ao/Di&iio — 0.3 for different size range (100 < 
D< 600 mm) specimens. It is observed that the stiffness and the load carrying of the 
specimen increase with decrease in the value of initial notch length/depth ratio for 
a given size or with increase in specimen size for a given value of Qq/D ratio. The 
slope of the softening branch increases by decreasing the value of Uq/D ratio for a 
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Fig. 3.27 Load-COD curve using linear softening for 100 < D < 600 mm and cIq/D = 0.3 



constant specimen size or by increasing specimen size at a constant value of Uo/D 
ratio. It is also noticed that the uncracked specimen becomes more unstable after the 
peak load is reached, whereas the specimen behaves in more ductile manner and is 
better controllable as the Aq/D ratio increases for a specified specimen size or the 
specimen size decreases at constant value of Uo/D ratio for cracked specimen. The 
terminal branch of the P-COD curves appears to be converging and is independent 
of the Qo/D ratio for a given size specimen which is caused by the assumption made 
in the analysis that the damage zone has zero thickness and concentrated on a line. 
Measuring P-COD curve, the snapback instability behavior shown in the case of 
P-& (load-deflection) curve of TPBT specimen is avoided because in the P-COD 
curve, the crack opening displacement increases monotonically in softening zone 
during crack growth. 

The cohesive crack behavior as discussed above and demonstrated in Figs. 3.25 
and 3.26 may be practically different if the actual width of fracture process zone 
and the crack path are modeled accurately, since during crack propagation in con- 
crete, a macro-crack has a tendency to follow a tortuous crack path due to various 
mechanisms of microcracking, crack bridging, aggregate interlocking, etc. The 
meandering of main crack depends on the concrete mix design and the properties of 
the aggregate particles such as size, texture, and angularity. 

The cohesive crack model is a strictly uniaxial method considering zero width 
of the process zone and it does not allow the crack path to follow in an actual 
tortuous way. The assumptions made in the development of the model is differ- 
ent from the experimentally observed real behavior of fracture process of concrete 
and thus it allows the terminals of the softening branches to converge irrespective 
of the relative initial notch lengths. The real behavior of terminals of the softening 
branches may be evident from the experimental results (Nallathambi et al. 1984, 
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1985, Karihaloo 1995) of the three-point bending test specimens made of plain con- 
crete with maximum aggregate size 20 mm having compressive strength 38 MPa 
and modulus of elasticity 33 GPa. Karihaloo (1995) presented the effect of relative 
notch length iuo/D) on the typical load-deflection responses. For the beam dimen- 
sions span S — 600 mm, D — 102 mm, and B — 80 mm, the Qq/D ratios varied 
from 0. 1 to 0.6. The load-deflection curves show that the terminals of the soften- 
ing branches appear to be converging for relatively smaller difference in the values 
of Uo/D ratio. For higher difference in the Uo/D ratio (say, between 0.1 and 0.3 or 
0.2 and 0.4 or 0.4 and 0.6), clear separations in the terminals of softening branches 
are observed. Further, the test results (Karihaloo 1995) confirm that load-deflection 
plots are also influenced by the maximum size of coarse aggregates, that is, the 
pre-peak behavior is more nonlinear and the post-peak behavior is less abrupt with 
larger tails when the maximum size of coarse aggregate is increased. 



3.5.2 Influence of Softening Functions on the Global P-COD 
Response 

The results of P-COD curves using various shapes of softening functions for com- 
pact tension specimens with Aq/^ ratio — 0.3 are determined and presented in 
Figs. 3.28 and 3.29 for D — 100 and 600 mm, respectively. 

The peak nominal stresses {Pa/BD) obtained using cohesive crack model with 
aforementioned six softening relations (except for linear softening) for 100- and 
600-mm-size specimens are in the range of 0.407-0.438 and 0.245-0.268 MPa, 
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Fig. 3.28 Influence of softening curve on load-COD curve for D = 100 and Uo/D = 0.3 
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Fig. 3.29 Influence of softening curve on load-COD curve for D = 600 and Oq/D = 0.3 



respectively, showing a less scatter in results and the difference between minimum 
and maximum peak nominal stresses for all sizes of specimens is less than 7.07 and 
8.58%, respectively. The minimum and maximum nominal peak stresses are yielded 
by nonlinear softening and quasi-exponential softening functions, respectively, for 
both size-range specimens. The peak nominal stress using linear softening func- 
tion for 100- and 600-mm-size specimens is 0.485 and 0.302 MPa, respectively. On 
an average the linear softening yields the peak load 11.75 and 15.89% larger than 
the bilinear curves, exponential, quasi-exponential, and nonlinear softening func- 
tions for the size range 100 and 600 mm, respectively. The post-peak response of 
P-COD curves with different softening curves (except linear softening) is slightly 
varied. Almost the same P-COD curves can be obtained using exponential and 
quasi-exponential softening functions. 



3.5.3 Influence of Softening Functions on the Size-Scale 
Transition Toward LEFM 



The numerical results with varying values of p-g are obtained to show the deviation 
from LEFM concept for geometrically similar normal size CT specimens having 
B — 100mm, the material properties Gp = 103 N/m, and/t — 3.21 MPa using all 
seven softening functions. The maximum load using cohesive crack model (Pu, ccivi) 
or true peak load using well-known LEFM formula (Pu.lefm) is computed at initial 
crack length/depth ratio such as Uo/D — 0.3. The LEFM formula (ASTM Standard 
399 2006) for CT specimen is used to calculate the critical value of stress intensity 
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Fig. 3.30 Influence of softening curve on size-scale transition toward LEFM for cio/D = 0.3 



factor Kic using Eq. (3.51) for known value of fracture energy Gic- In Eq. (3.51), 
the k{a) is given by 



k(a)^ 



(2 + a) [0.886 + AMa - 13.32q;2 + U.lla^ - 5.6a'^] 



(1 



.)3/2 



(3.56) 



where a = {a/D) — Uo — (cio/D), in Eq. (3.51) ctn = P/BD and Eq. (3.56) is valid 
for 0.2 < a < 1 within 0.5 % accuracy. The maximum nominal stress due to exter- 
nal load PuLEFM of the structure is determined by /'u.lefm — <^NuBD{l/2). The 
value of Kic is evaluated using Eq. (3.54). The result of the ratio ^u,ccm/^u,lefm 
with varying values of /Jb is plotted in Fig. 3.30. 

Similar observation found in the case of TPBT specimen can be seen from 
Fig. 3.30. The figure further shows that the predicted ratio ^u,ccm/^u,lefm using 
linear softening is higher than that using other six softening functions for the con- 
sidered size range and it seems that the difference is more diverged as the size 
scale increases. On the other hand, the ratio of Pu,ccivi/^u,lefivi for the bilinear 
curves, exponential, quasi-exponential, and nonlinear functions is relatively con- 
fined in narrow band for lower specimen size and seems to be slightly diverging 
for higher size scale. However, this ratio is almost the same for the exponential and 
quasi-exponential and also for Petersson's bilinear and CEB-FIP's bilinear soften- 
ing functions. The minimum and maximum values of the ratios ^u,ccm/^u,lefm 
for all the softening functions (except linear) are in the range of 0.412 (for nonlin- 
ear softening)-0.443 (for quasi-exponential softening) for D — 100 mm and in the 
range of 0.584 (for Wittmann et al. bilinear softening)-0.665 (for quasi-exponential 
softening) for D — 600 mm, respectively. Moreover, the ratio /'u.ccm/^u.lefm for 
linear softening is 0.491 for D — 100 mm and 0.748 for D — 600 mm. 
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Fig. 3.31 Influence of softening curve on size-effect curve for Uo/D = 0.3 



3.5.4 Influence of Softening Functions on the Size-Effect Curve 

The size-effect curves are plotted using Eq. (3.55) in nondimensional forms 
of inverse of nominal stress intensity factor ^inu at peak load vs. inverse 
of characteristic dimension D at constant Oq/D ratio of 0.3 as shown in 
Fig. 3.31. 

It is observed from the figure that the size-effect behavior is similar to the 
previous observation noticed in the case of TPBT. 



3.5.5 Evolution of Fracture Zone 



Development of fracture zone and stress distribution ahead of the initial crack tip of 
aCT specimen for D = 600 mm and Aq/O ratio — 0.3 with Wittmann etal.'s (1988) 
bilinear softening function are shown in Fig. 3.32 for four salient positions of load 
on the P-COD curve. 

In the figure, the development of fracture zone is shown by filled-up solids. The 
length of fracture zone and the stress distribution ahead of the crack tip are repre- 
sented (not to scale) for explaining the mechanism of process zone evolution. The 
fracture zone begins to form as soon as the structure is loaded. When the load posi- 
tion is approximately at 1, the fracture zone is small and the developed stress value in 
the process zone is always less than the tensile strength /t of the material. This stress 
distribution does not show any stress singularity unlike in LEFM analysis. When 
the load position is at 2, i.e., at peak load, the length of fracture zone becomes about 
75 mm and the stress value at the initial crack tip cr tip achieves a value of 0.2423/t. 
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Fig. 3.32 Evolution of fracture zone and stress distribution ahead of the crack tip for different 
positions of load on the P-COD curve obtained from Wittmann et al.'s (1988) bilinear softening 
for D = 600 mm and cio/D = 0.3 
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Fig. 3.33 Deptii of fracture zone at peak load and fully developed FPZ for ao/D = 0.3 obtained 
using Wittmann et al.'s (1988) bilinear softening function 



The lengths of fracture zone corresponding to peak load and fully developed FPZ 
obtained using Wittmann et al.'s (1988) bilinear softening function for specimen 
size range 100-600 mm are presented in Fig. 3.33. 

From the figure, it can be seen that fracture zone at peak load for D — 100 mm 
and flo/O ratio — 0.3 becomes about 28.75 mm. In addition, the material is still 
able to transfer stress across the crack faces even up to peak load and on further 
loading of structure corresponding to load position 3, the stress-transferring capacity 
of concrete becomes zero. At this stage of loading, a full length of fracture zone, i.e., 
FPZ, can be observed. For D — 600 mm, the length of FPZ is about 300 mm and 
is significant and variable with respect to specimen size as shown in Fig. 3.33. The 
fully developed FPZ for specimen size D — 100 mm is missing in the figure because 
it is not developed up to 78th node in the potential fracture line. On further loading 
of structure, say position 4, the stress-free crack is generated and the real crack has 
moved to a distance say Aa. 

It is clear that the length of the fracture zone at peak load and FPZ varies with 
the specimen size significantly. As shown in Fig. 3.33, the fracture zones increase 
with increase in specimen size. However, the relative size of the fracture zone with 
respect to the specimen size decreases with increasing specimen size. This infers 
that the fracture behavior of normal concrete depends on the specimen size. For 
limiting case of infinitely large structure, the relative sizes of fracture zone and FPZ 
become very small and insignificant such that the LEFM can be applied. In general 
it can be stated that the local and global responses during crack initiation and its 
growth of cementitious materials are dependent on many factors. Hence, the influ- 
ence of softening function and size effect on the important fracture parameters is 
presented in subsequent analyses. 
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3.5.6 Influence of Softening Functions on the Development 
of Fracture Process Zone 

The length of fully developed fracture process zone is computed using all seven 
softening functions for the specimen size range 200 < D < 600 mm because full 
length of FPZ is not developed even up to 78th node using some of the softening 
functions for 100-mm-size specimen. The length of FPZ/depth (FPZ/D) ratio shows 
a definite relationship with the brittleness of the structures as shown in Fig. 3.34; 
however, it also depends on the shape of the softening relations used. 

Almost the same prediction of FPZ is seen using exponential or quasi- 
exponential softening functions of concrete. The length of FPZ obtained using the 
linear softening is the minimum as compared to that obtained using bilinear curves, 
exponential, quasi-exponential, and nonlinear functions for all size range. It is evi- 
dent from the figure that the relative size of fracture process zone decreases as the 
size of the specimen is increased which is the main source of size effect in qua- 
sib ritde materials. The minimum and maximum values of the ratio FPZ/D for all 
the softening functions (except linear) are in the range of 0.575 (for Petersson's 
bilinear softening)-0.65 (for CEB-FIP's bilinear softening) for D — 200 mm and 
in the range of 0.4 (for Petersson's bilinear softening)-0.563 (for CEB-FIP's bilin- 
ear softening) for D — 600 mm, respectively. The difference between minimum 
and maximum fully developed FPZ is less than 11. 54 and 28.95% for D — 200 and 
600 mm, respectively. The ratio FPZ/D for linear softening is 0.438 for D — 200 mm 
and 0.238 for D — 600 mm. On an average the linear softening yields the FPZ 
29.22 and 51.38% lower than the bilinear curves, exponential, quasi-exponential, 
and nonlinear softening functions for the size range 200 mm and 600 mm, 
respectively. 
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Fig. 3.34 Influence of softening curve on fully developed FPZ for cio/D = 0.3 
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3.5.7 Influence of Softening Functions on the Load-Carrying 
Capacity Corresponding to the Fully Developed FPZ 

The load corresponding to fully developed fracture process zone Pppz is calculated 
for the specimen size range 200 < D < 600 mm using all the softening functions 
and results are plotted in the nondimensional ratio of Pppz/Pa with respect to the 
brittleness of the structures as shown in Fig. 3.35. 

It is clear from the figure that the ratio of Pppz/Pu is an increasing function 
with the brittleness of qiiasibrittle structures. It implies that the value of Pfpz/Pu 
increases as the size of specimen increases. It is evident that the larger is the value 
of Pfpz/Pu on the P-COD curve, the closer is the load corresponding to fully 
developed FPZ to the peak load in softening zone. Cohesive crack model thus 
illustrates the variation from failure at relatively larger fracture process zone for 
small structures to the failure at a relatively smaller fracture process zone for large 
structures. The minimum and maximum values of the ratios Pppz/Pu for all the 
softening functions (except linear) are in the range of 0.219 (for CEB-FIP's bilinear 
softening)-0.433 (for Petersson's bilinear softening) for D — 200 mm and in the 
range of 0.297 (for CEB-FIP's bilinear softening)-0.680 (for Petersson's bilinear 
softening) for D — 600 mm, respectively. The ratio Pppz/Pu for linear softening is 
0.773 for D — 200 mm and 0.918 for D — 600 mm, respectively. This means that 
the length of fully developed FPZ using linear softening is always smaller as com- 
pared to that predicted using bilinear curves, exponential, quasi-exponential, and 
nonlinear functions. 

Larger disparity is observed in the predicted results by various softening func- 
tions of concrete as shown in Figs. 3.34 and 3.35. Since different softening functions 
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Fig. 3.35 Influence of softening curve on the ratio of load Pfpz/Pu for Uo/D = 0.3 
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follow different shapes and different terminals, the shape of the softening branch of 
the cohesive law plays an important role in predicting the process zone and the 
corresponding load beyond the peak. So, it is quite natural that these results are 
relatively more affected by the different shapes of the softening function. 



3.5.8 Influence of Softening Functions on the Fictitious Crack 
Length Corresponding to Peak Load 

Fictitious crack length/depth (ai/D) ratio at peak load is obtained using all seven 
softening functions and the variation of Of/D ratio is plotted with brittleness of 
concrete as shown in Fig. 3.36. 

It is observed from the figure that the Uf/D ratio at peak load maintains a definite 
relationship with brittleness of the structure and the influence of the shape of soft- 
ening functions including linear one on the value ofaf/D ratio is relatively less. The 
relationship shows that for low brittleness the fictitious crack length at peak load is 
covered in almost whole ligament resulting in a ductile failure; on the other hand, the 
process zone decreases with increase in brittleness and it appears that af/D—>ao/D 
for D/lch—^oo. The minimum and maximum values of at/D ratio for all the softening 
functions are in the range of 0.588 (for Wittmann et al.'s bilinear)-0.663 (for linear 
softening) for D — 100 mm and in the range of 0.425 (for Wittmann et al.'s bilinear 
and CEB-FIP's bilinear)-0.475 (for linear softening) for D — 600 mm, respectively. 
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3.5.9 Influence of Softening Functions on the CTODg 

Critical value of crack- tip opening displacement (CTODc) corresponding to peak 
load is measured from the numerical results of cohesive crack model and plotted 
using each softening function as shown in Fig. 3.37. 

In predicting the CTODc using CEB-FIP Model Code-1990's (1993) bihnear 
softening, some oscillations are noticed beyond the specimen size of 300 mm. It is 
observed from the figure that in general the value of CTODc is a function of brit- 
tleness and depends upon the shape of softening function of concrete except for the 
exponential and quasi-exponential softening functions which yield almost the same 
values of CTODc for all size specimens. The value of CTODc increases as the spec- 
imen size increases, meaning that the relative size of FPZ will be smaller for higher 
brittleness of the structures. The CTODc obtained using linear softening is always 
greater than that obtained using bilinear curves, exponential, quasi-exponential, and 
nonlinear functions for all the size range. The minimum and maximum values of the 
ratios /ch/CTODc for all the softening functions (except linear) are in the range of 
14668 (for quasi-exponential softening)- 19220 (for Wittmann et al.' softening) for 
D — 100 mm and in the range of 7163 (for quasi-exponential softening)- 106 13 (for 
Wittmann et al.' softening) for D — 600mm, respectively. The ratio /ch/CTODc for 
Unear softening is 12428 for D — 100 mm and 6802 for D — 600 mm, respectively. 
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Fig. 3.37 Influence of softening curve on the CTODc for cIq/D = 0.3 



3.5.10 Influence of Softening Functions on the Local Stress 
Distribution at Notch Tip Corresponding to Peak Load 

Influence of shape of softening curve and size effect on the notch-tip stress CTtip 
distribution corresponding to peak load is shown in Fig. 3.38. The ordinate of figure 
is the value of (/i — crtip)//t which may be termed as tip stress transfer ratio and the 
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Fig. 3.38 Influence of softening curve on crack-tip stress at peak load for ao/D = 0.3 



abscissa is D/lch- It is evident that for crtip — ft, i.e., the fracture node at notch tip 
is not yet opened, the tip stress is equal to the tensile strength of the material and 
for the other extreme the fracture process zone is fully developed when the notch- 
tip stress (Ttip — 0. Therefore value of the tip stress transfer ratio ranges between 
(when the notch tip has not yet opened) and 1 (when FPZ is fully developed and any 
further loading will result in stress-free crack propagation). 

From the figure it is observed that the values of (ft — crtip)//t depend on the shape 
of the softening curve and the specimen size. Similar to Fig. 3.37, with the use of 
CEB-FIP Model Code-1990's (1993) bilinear and linear softening functions, some 
degrees of oscillations are observed in Fig. 3.38. Within the size range considered 
in the study, these oscillations are more pronounced beyond the specimen sizes of 
about 300 mm which may be possibly due to increasing specimen size and con- 
sequently resulting in the increased distance between the cohesive nodal forces. In 
general, there is an increasing trend in the value of the ordinates (ft — Ttip)//! as the 
specimen size increases. It shows that the size of fracture zone is influenced by the 
specimen size and shape of the softening relation used in the cohesive crack model. 
It is also observed that the stress-transferring capacity at the crack tip corresponding 
to the peak load decreases as the specimen size increases and as a result of which a 
real crack begins to propagate closer to the peak load for larger size specimens. It is 
also clear that the slow crack growth does not commence before the softening dam- 
age takes place. This behavior predicted using exponential and quasi-exponential 
softening functions is almost the same. The minimum and maximum values of 
(ft — o'tip)/ft for all the softening functions (except linear) are in the range of 0.462 
(for quasi-exponential softening)-0.510 (for nonlinear softening) for D — 100 mm 
and in the range of 0.732 (for quasi-exponential softening)-0.758 (Wittmann et al.'s 
bilinear softening) for D — 600 mm, respectively. The ratio (ft — crtip)//t obtained 
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using linear softening is 0.376 for D — 100 mm and 0.687 for D — 600 mm, respec- 
tively. It is revealed that the mean tip stress transfer ratio considering all softening 
functions (except linear) is 0.474 and 0.732 for D = 100 and 600 mm, respectively, 
which is always greater than that predicted using linear softening relation. 



3.5.11 Comparison with Experimental Result 

Compact tension specimens of different sizes made of various mix proportions and 
water/cement (W/C) ratios were tested by Wittmann et al. (1988) under three differ- 
ent loading rates. The tests were conducted on the CT specimens having measured 
standard dimensions of Uo = 0.5D, D\ — 125D, H — 0.6D, and Hi — 0.5//, in 
which the dimensions D and Hi are not indicated in the figure (Wittmann et al. 
1988) and they are carefully measured and found to be Ioq and 0.5//, respectively. 
Three sizes of specimens D — 300, 600, and 1200 mm with constant thickness 
B — 120 mm were tested and the mean curves of load-crack opening displacement 
in the plane of loading of loading points (P-COD) for specimens D — 600 and 
1200 mm and load-crack mouth opening displacement (P-CMOD) for specimens 
of D = 300 mm were measured. The medium-size CT specimens, D — 600 mm, 
made of concrete with W/C ratio 0.43 and maximum aggregate size of 16 mm was 
considered as the reference specimen. The reference specimens were tested under 
loading rate of 0.2 mm/min for which the 28-day compressive strength of concrete 
was determined as 42.9 MPa. From fracture tests, the mean value of peak load and 
the specific fracture energy were obtained as 12.6 kN and 162 N/m, respectively. 
In order to calculate the essential parameters of a bilinear softening function using 
fictitious crack model, a method was also suggested by the authors (Wittmann et al. 
1988). Besides the other important studies, it was concluded that load-displacement 
curves can be determined by means of finite element analysis with the assumption 
of bilinear softening functions and are in good agreement with those experimen- 
tally observed curves. The specific fracture energy can thus be calculated from the 
strain-softening relation that agrees well with the same determined directly from the 
P-COD curve. As such, the authors (Wittmann et al. 1988) suggested that the param- 
eters of the bilinear softening function such as Gp = 157 N/m and/t — 4.4 MPa can 
predict the fracture behavior of reference specimen in a better manner. 

Here, a realistic comparison between the experimental and numerical results is 
carried out for the application of various softening functions in the cohesive crack 
model. For the numerical modeling, a concrete mix having maximum size of aggre- 
gate da — 16 mm and its properties v — 0.18 and Gp = 157 N/m is considered. 
The value of E is obtained as 34.9 GPa using CEB-FIP Model Code-1990 (1993) 
for a given value of compressive strength 42.9 MPa. Except for Hi — 0.5//, a 
similar finite element discretization of the CT specimen as shown in Fig. 3.24 is 
done for determining the influence coefficients. All the seven softening functions are 
applied to determine the P-COD curves for the comparison with the mean P-COD 
curve obtained from the experiment for the reference specimen. The P-COD curves 
obtained from the numerical results and the test results are shown in Fig. 3.39. 
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Fig. 3.39 Comparison of P-COD curves obtained from experimental results (Wittmann et al. 
1988) and the numerical simulation using various softening relations for CT specimen having 
O = 600 mm and cio/D = 0.5 



It is observed that the ratios of peak load obtained from the numerical results 
to experimentally observed value are 1.301, 1.099, 1.036, 1.117, 1.148, 1.155, and 
1.055 for linear, Petersson's (1981) bilinear, Wittmann et al.'s (1988) bihnear, CEB- 
FIP Model Code-1990's bilinear, exponential (Karihaloo 1995), quasi-exponential 
(Planas and Elices 1990), and nonlinear (Reinhardt et al. 1986) softening functions, 
respectively. It can be seen that except linear softening, the predicted values of 
the peak loads are overestimated by approximately 16%. The predicted peak loads 
are very close (within the accuracy level of 6%) to the experimental result for the 
Wittmann et al.'s (1988) bilinear and nonlinear (Reinhardt et al. 1986) softening 
functions. Furthermore, Petersson's (1981) bilinear, CEB-FIP Model Code-1990's 
bilinear, exponential (Karihaloo 1995), and quasi-exponential (Planas and Elices 
1990) softening functions yield the peak loads within an accuracy range between 
10 and 16%. The predicted value of the peak load using linear softening is overes- 
timated by nearly 30%. It is further observed that the predicted post-peak response 
are scattered in a relatively narrow band and compares well with the experimentally 
observed response. However, the terminal portion of experimentally observed soft- 
ening branch tends to deviate from the numerically predicted values even with all 
the softening functions used in the numerical modeling. 



3.6 Size-Effect Study from Size-Effect Model 



A similar investigation was carried out by Planas and Elices (1990) in which almost 
the same unstable fracture load was predicted between SEM and CCM for practical 
size range (100^00 mm) of pre-cracked concrete beam for TPBT geometry. It was 
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observed from the size-effect study that fracture loads predicted by SEM can diverge 
about 31% for asymptotically large-size (D ^ oo) beam. The quasi-exponential 
softening function was used in the above study since the fracture criteria or the 
mathematical relationships may vary according to a particular stress-displacement 
softening function. With this intention, the nonlinear softening function with 
ci — 3,C2 — 6.93, and Wc according to Eq. (3.38) is used in the present study. 



3.6.1 Size-Effect Law for Size-Effect Model 

The Bazant's SEM may be expressed in the following form (Planas and Elices 
1990): 

— — = 1 -h — (3 57) 

INu 

Assuming the Gp being denoted by Gfc, Eq. (3.57) may be transformed in the 
following form by making use of Gpc : 



£Gfc _ Gfc 






(3.58) 



Equation (3.58) is now in the form of straight line variation on X-Yplot, having 
the common X and Y coordinates as in the case of size-effect law for CCM. 



3.6.2 Size Effects and Fracture Load from CCM and SEM 

Same concrete mix as used by Planas and Elices (1990) is taken in the present 
investigation for which /t = 3.21 MPa, E = 30GPa, and Gfc = 103 N/m. The 
value of V is assumed to be 0.18 with nonlinear softening function as described 
in the foregoing section. For TPBT specimen of notched concrete beam with B — 
100 mm, 100 < D < 400 mm, and S/D — 4, the finite element analysis is carried 
out for determining the fracture peak load using cohesive crack model. Four-node 
isoparametric element was considered for finite element calculation. The half of the 
beam was discretized with 40 numbers of equal elements along the depth of the 
beam. The number of fracture nodes along the FPZ is 38. 

The fracture parameters for SEM, Gfb, and cf for each geometry {oo/D — 0.2, 
0.3, 0.4, and 0.5) are computed according to the RILEM method (1990) (see Sect. 
2.7.4) and flowchart as shown in Fig. A. 2. The values of A'inu were obtained 
using Eqs. (3.51) and (3.52) for the Aq and the P^ gained from CCM. Variations 
of nondimensional parameters Gfb/Gfc and Cf/lch obtained for each geometry 
0.2 < Oo/D < 0.5 are plotted in Fig. 3.40. It is observed from the figure that 
values of cf /Ich are less affected by the values of Oq/D ratios than Gfb/Gfc- 

The details of specimen dimensions, material properties and calculation of size- 
effect parameters are presented in Table 3.2. The mean value of Gfb obtained from 
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Fig. 3.40 Effect of geometry on the fracture parameters obtained from SEM 



Table 3.2 Specimen details, material properties, and size-effect parameters 



D (mm) aJD 



PuCN) 



/fiNuCMPa 
mm^'^) 



Gfb^/Gfc K/kh 



Difference in 
fracture load (%) 



400 


0.2 


12321 


30.76 


300 


0.2 


10278 


29.06 


200 


0.2 


7808.5 


26.59 


100 


0.2 


4711.4 


22.37 


400 


0.3 


9393.4 


30.92 


300 


0.3 


7891.3 


29.24 


200 


0.3 


6027.5 


26.76 


100 


0.3 


3655.6 


22.54 


400 


0.4 


6913.1 


30.45 


300 


0.4 


5849.3 


28.75 


200 


0.4 


4504.2 


26.32 


100 


0.4 


2741 


22.11 


400 


0.5 


4788.6 


29.59 


300 


0.5 


4103.8 


27.89 


200 


0.5 


3189.1 


25.46 


100 


0.5 


1948.3 


21.26 


oo 


All 







0.43 



0.43 



0.43 



0.43 



0.43 



0.535 



0.521 



0.558 



0.636 



-0.12 
-1.25 
-2.13 
-0.99 
0.02 
-1.09 
-2.06 
-1.04 
-0.53 
-1.59 
-2.17 
-0.84 
-1.37 
-2.19 
-2.42 
-0.55 
-34.43 



^GpB is the mean values of fracture energy for different geometries obtained from SEM 



the fracture energy of each geometry is considered as a material property for com- 
parison between CCM and SEM with regard to Eqs. (3.57) and (3.58). Thus mean 
value of Gfb is obtained as 44.22 N/m yielding the value of Gfb/Gfc of 0.43 to be 
used in Eq. (3.58). 

The results of size effect obtained from CCM in nondimensional form 
(Eq. (3.55)) for some particular values ofag/D ratios 0.3-0.5 are shown in Fig. 3.41. 
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Fig. 3.41 Size-effect curves for CCM for TPBT specimens 



It is found from the figure that the size-effect curves are dependent on the geomet- 
rical parameter Oc/D ratio, exhibiting all curves to be asymptotic to 1 for infinitely 
large-size structures (D— ^oo), and the fracture loads predicted by LEFM and FCM 
are the same. 

The parameter Ao/'^ch in Eq- (3.58) for size-effect law of SEM is computed by 
least square fitting for a particular geometry (0.2 < Uo/D < 0.5) and is reported in 
Table 3.2. The nondimensional size-effect curves obtained from CCM and SEM for 
the geometries Uo/D — 0.3 and 0.5 are plotted in Fig. 3.42. It is noticed that the least 
square fitting over the size range taken into the investigation yields results of SEM 
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Fig. 3.42 Size-effect curves obtained from CCM and SEM 
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very close to CCM and within the practical size range the maximum difference in the 
predicted fracture load obtained from these two models is less than 2.5% (Table 3.2). 
However, it is also clear that predictions of the two models differed by about 34% 
for asymptotic size (D^ oo), i.e., Bazant's SEM seems to be more conservative by 
about 34%. 

The results obtained in the investigation are in agreement with the study reported 
by Planas and Elices (1990) and difference wherever appeared is due to the non- 
linear softening function used in the present study. Under such circumstances, if 
input parameters of CCM are known, the results of peak or unstable fracture load 
can also be calculated from SEM well within the acceptable error limits for the 
practical size range of beam depth for three-point bending geometry specimens. 
Thus, requirements of FEM calculation may be avoided for the above-mentioned 
size-range structures. 



3.7 Closing Remarks 

Within the limitation of the specimen sizes (63 < D < 250 mm) of TPBT taken 
into investigation, it is observed from the numerical result of CCM using different 
softening functions (except linear one) that the differences between the highest and 
lowest peak loads are less than 8%. On an average, the peak loads predicted using 
linear softening is approximately 10% larger than those obtained using other soften- 
ing functions (bilinear curves, exponential, nonlinear). The different values of stress 
ratio at kink point do not affect the value of peak loads predicted by CCM; however, 
the softening branch becomes deeper and deeper as the values of stress ratio at kink 
points decrease. 

The following remarks can be given from the numerical study on the cohesive 
crack fracture parameters using CT specimen of size range 100<D< 600 mm. 

• Using different softening functions (except linear one), it was observed from 
cohesive crack model that the differences between the highest and lowest peak 
loads are less than about 9%. On an average, the peak load predicted using linear 
softening is approximately 16% larger than those obtained using other softening 
functions (bilinear curves, exponential, quasi-exponential, and nonlinear curves). 

• Exponential and quasi-exponential softening relations yield almost the same 
fracture behavior. 

• For a given specimen size, the fully developed process zone using linear soft- 
ening is significantly smaller than that obtained using other softening functions 
(bilinear curves, exponential, quasi-exponential, and nonlinear curves). The lin- 
ear softening yields the fracture process zone about 30 and 50% lower than do the 
bilinear curves, exponential, quasi-exponential, and nonlinear softening functions 
for the size range 200 and 600 mm, respectively. 

• The linear softening predicts relatively higher value of crack-tip opening dis- 
placement and lower value of the tip stress transfer ratio at peak load than those 



References 111 

obtained using the bilinear curves, exponential, quasi-exponential, and nonlinear 
softening functions. 
• The peak load gained from the test result is predicted by the cohesive crack 
model within about 6% of accuracy using Wittmann et al.'s (1988) bilinear 
and nonlinear (Reinhardt et al. 1986) softening functions, whereas those predic- 
tions vary between the accuracy range of 10 and 16% using Petersson's (1981) 
bilinear, CEB-FIP Model Code's (1990) bilinear, exponential (Karihaloo 1995), 
and quasi-exponential (Planas and Elices 1990) softening functions. The linear 
softening curve overestimates the experimentally observed peak load by about 
30%. 
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Chapter 4 

Crack Propagation Study Using Double-A^ 

and Double-G Fracture Parameters 



4.1 Introduction 

This chapter is based on the works of Kumar and Barai (2008a-c, 2009a-f, 2010a, b) 
and Kumar (2010). In this chapter the application of universal form of weight func- 
tion is introduced for determining the double-A" fracture parameters using various 
test geometries. The definition of brittleness of concrete is mentioned using the 
double-/^ fracture parameters. An empirical formula for determining directly the 
effective crack length for CT specimen is highlighted. Furthermore, the size-effect 
prediction from the double-/^ fracture model is investigated. Finally, comprehensive 
numerical studies on the double-^ and double-G fracture criteria are represented. 



4.2 Weight Function Method 

For a linear elastic cracked body subjected to any symmetrical mode I loading, it 
was proved (Bueckner 1970, Rice 1972) that if the SIF and the corresponding crack 
face displacement are known as functions of crack length, then the SIF for any other 
symmetrical loading acting on the same body can be directly determined. Assume 
that the K^ and K^ are the SlFs of a cracked body corresponding to two cases of 
mode I symmetrical loadings r and s respectively, in which r corresponds to the 
known reference value and s corresponds to any arbitrary loading case. According 
to weight function method value of K^ may directly be determined for the known 
value of K^ and the respective crack face displacement Mj as given below: 

a 
K^ — I a^(x).m(x,a)dxs (4.1) 



The term m(x,a) in Eq. (4.1) is known as weight function and expressed as 

E dUr 

fnix, a)^ -——- (4.2) 

2Kr da 
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Fig. 4.1 The stress field 
induced along the prospective 
crack plane 




P(s) 



where a is the crack length, crs(x) is the stress distribution along the prospective 
crack line in the uncracked body under the external loading P{s) for the loading 
case s as shown in Fig. 4.1, dxs is the infinitesimal length along the crack surface, 
E — E for plane stress, and E — E/{\ — v ) for plane strain. The a^{x) can be 
determined either experimentally or numerically or analytically. 

The meaning of weight function m{x,a) may be interpreted as the contribution 
to the stress intensity factor due to a pair of point forces acting normal to the crack 
faces and located at a distance x within the crack length a. For a given cracked body, 
the weight function depends only on the geometry and is independent of the applied 
loads. Another advantage of the weight function is that the COD due to an arbitrary 
loading system can be calculated using the known weight function due to different 
loading system. Thus, for the known weight function m{x,a), the COD Us,{x,a) for 
the loading case s (Fig. 4.1) can be obtained as 



Ms(x 



1 /■" 

E Jx 



(4.3) 



Using Eq. (2.39), it is possible to approximate the weight functions for mode 
I cracks with one four-term universal expression (Glinka and Shen 1991). In the 
four-term universal weight function, the number of unknown parameters are three 
(Ml, M2, and M3) which can be determined directly from three known reference 
SIFs without using the crack face displacement function. If the three reference SIFs, 
K^f,{k — 1,2,3) and the corresponding crack-line stress fields a^i^{k — 1,2,3) are 
known, the simultaneous algebraic equations may be written in the following form: 
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dx (4.4) 



K,k ^ (T, 



a r. ._ ,. , .1/2 



2 



~J1n (a — x) 





1+Mi(l -x/ay''- + M2(l-x/a) 
f M3(l -x/af^^ 



As an approximation, an additional condition for central through crack and 
double-edge cracks under symmetrical loading was used (Shen and Glinka 1991) 
as given below: 

du(x,a) 

—r^ l.v=o = (4.5) 

ox 

From Eqs. (4.2) and (4.5), it can be shown that 

dm(x,a) 



dx 



.v=o = (4.6) 



For the single-edge cracks, the following condition is found to be more appropri- 
ate (Fett et al. 1987, Shen and Glinka 1991): 

d u(x,a) 

-^L.o = (4.7) 

The following relation may be obtained using Eqs. (4.2) and (4.7): 

d m{x, a) 



3x2 



=0 = (4.8) 



After satisfying Eqs. (4.6) and (4.8), one may get an additional condition which 
reduces the number of known reference SIFs. 



4.3 Determination of Universal Weight Function for Edge 
Cracks in Finite Width Plate 

In the present work, first of all an attempt is made to derive the universal weight 
function using the reference SIFs for the edge crack in a finite width of plate. The 
two reference SIFs for two different loadings as shown in Figs. 4.2 and 4.3 along 
with Eq. (4.8) are used to obtain the desired weight function. For the first reference 
case (Fig. 4.2), an edge crack in a finite width of plate subjected to uniform stress 
CTq is taken. The standard equation of SIF for this case is written as 

Ki = FiOosfTta (4.9) 

in which 

Fx = 1.122 - 0.231a/Z)+ 10.55(a/D)2 - 21.71(fl/£))^ -|- 30.382(a/Z))'* (4.10) 
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Fig. 4.2 Single-edge cracked 
specimen of finite width 
subjected to unifomi loading 
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Fig. 4.3 Single-edge cracked 
specimen of finite width 
subjected to a pair of normal 
forces 
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Equation (4.10) has an accuracy of 0.5% for a/D < 0.6. The SIF for the case of 
an edge crack subjected to a pair of normal point forces P acting at a distance x as 
shown in Fig. 4.3 is expressed (Tada et al. 1985) as 



Ki^ 



2P 



zF(x/a, a/D) 



(4.11) 



where F{x/a, a/D) is Green's function and given as 

3.52(1 - x/a) 4.35 - 5.28x/fl 



F{x/a, a/D) = 



+ 



{\-a/Dfl^ (l-a/D)'/2 

1.30-0.30(;f/a)^/2 



[1 



ix/af] 



0.83- \.16x/a 



X [1 -{\-x/a)a/D] 



(4.12) 



A pair of unit normal loads acting at the edge of the plate is considered to be 
second reference case of loading. Putting P — \ (unit) and x— Ova Eqs. (4.1 1) and 
(4.12), the SIF per unit thickness is then expressed as 



Ki^Fj- 



F2 = 



3.52 



iTta 
4.35 



(l-a/D)^/2 (i_fl/o)i/2 
From Eqs. (4.4), (4.9), and (4.10), it is expressed as 



+ 2.13(1 -a/D) 



(4.13) 
(4.14) 
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^ =2 + Mi +2M2/3+M3/2 (4.15) 

V2 

Using Eqs. (4.4), (4.13), and (4.14), following equation can be obtained as 

V2f2 = 1 + Ml + M2 + M3 (4.16) 

Equations (4.4) and (4.8) yield 

M2 = 3 (4.17) 

After solving Eqs. (4.15), (4.16), and (4.17), the following expressions for 
parameters of weight function are obtained: 

M2 = 3 

M3 = 2V2F2 - IttFi 

r- (4.18) 

My = V2F2 - 1 - M2 - M3 

Thus, the three parameters of weight function for the edge cracks in a finite width 
of plate are expressed by expression (4.18) and then the four-term universal weight 
function can be characterized by the following expression. 



m(x, a) 



^2tt (a — x) 



l-t-Mi(l -x/fl)l/2+M2(l -x/a) 
+M3(1 - x/afl- 



(4.19) 



The nondimensional forms of Tada Green's function and the derived equivalent 
weight function having coefficients M\, M2, and M3 determined using Eq. (4.19) 
are compared. It is found that the maximum absolute error up to a/D — 0.2 is less 
than 10% and this error increases for deeper cracks. 

From the above comparison it is noticed that the standard procedures to find 
out the parameters of the universal weight function for the case of edge cracks in 
finite width of plate is not suitable. One of the obvious reasons may be attributed 
to the geometrical factor expressed in Eq. (4.10) which is suitable for a/D < 0.6. 
Therefore, an alternative procedure is to be sought to get the correct values of the 
parameters of the universal weight function for the assumed cracked geometry. As 
a result, it is proposed to fit the Tada Green's function using least square technique 
for determining the different parameters of the universal weight function. 



4.3.1 Four-Term Universal Weight Function 

The form of four-term universal weight function is expressed in Eq. (4.19). In this 
method, the values of the Tada Green's function at different values of a/D (ranging 
< a/D < 1) and x/D (ranging < x/D < 1) are computed. Then the values 
of three parameters Mi, M2, and M3 are determined using least square technique. 
From the least square fitting it was found that at every point of a/D ratio (for values 
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Table 4.1 Coefficients of four-term weight function parameters Mj, Mj, and M3 



bi 



di 



fi 



1 0.0572011 -0.8741603 4.0465668 -7.89441845 

2 0.4935455 4.43649375 

3 0.340417 -3.9534104 16.1903942 -16.0958507 



7.8549703 



-3.18832479 



14.6302472 -6.1306504 



< x/D < 1), the values of Mi, M2, and M3 could be represented as a function of 
a/D ratio in the following form: 



Mi 



1 



b/a/D + Ci{a/Df 
,4 I f{„in\i 



di(a/Df 



(1 - a/D)3/2 l+ei(a/Dr +f,(a/D) 



, for / 



and 



Mi = [a/ + bia/D\ , for / = 2 



1 and 3 
(4.20a) 

(4.20b) 



It is noticed from Eq. (4.20b) that M2 can be represented simply by straight line 
equation. The values of coefficients a,, hi, c,, . . . ,fi are given in Table 4.1. For an 
edge crack in the finite width plate, the accuracy of the weight function is veri- 
fied with respect to standard Green's function and their comparison is plotted in 
Figs. 4.4, 4.5, and 4.6 for different a/D ratios 0.2-0.6, 0.8, and 0.95, respectively. 



Green's function 
Weight function 




Fig. 4.4 Comparison of four-term weight function with Tada Green's function for a/D ratios 0.2, 
0.4, and 0.6 
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a/D = 0.8 



Green's function 
Weight function 




Fig. 4.5 Comparison of four-term weight function with Tada Green's function for a/D ratio 0.8 



a/D = 0.95 



Green's function 
Weight function 




Fig. 4.6 Comparison of four-term weight function with Tada Green's function for a/D ratio 0.95 



From the analysis of the results of the weight function in the form of Eq. (4. 19) 
having four terms, it is observed that the largest absolute error with respect to Tada 
Green's function equation is less than 2% for < a/D < 0.95 in the range of 
< x/a < 0.96. Forx/fl > 0.96 that is very near to the crack tip, the maximum error 
will slightly increase and this will be less than 3% (exactly 2.912%) at x/a — 0.98 
which occurs for a/D — 0.80. 
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4.3.2 Five-Term Universal Weight Function 

If the desired accuracy is further to be improved, the same form of the weight 
function with five terms as given in Eq. (4.21) may be used: 



m(x, a) ■■ 



^7.71 (a — X) 



1 + Mi(l - x/fl)^/2 + M2(l - xja) 
+ M3(l - xjafl^ + M4(l - xjaf 



(4.21) 



In the similar manner as described previously, the values of parameters M\, 
M2, M3, and M4 are obtained using least square technique. In this case, the val- 
ues of Ml and M3 can be determined in the same form of Eq. (4.20a) (/ — 1 
and 3), whereas the values of M2 and M4 are calculated in the form of Eq. (4.20b) 
(/ — 2 and 4) representing simply equation of straight lines. The coefficients 
Oj, bi, Cj, ...,// of these parameters Mi, Mj, M3, and M4 are presented in Table 4.2. 
The weight function with five terms and Tada Green's function are compared graph- 
ically in Figs. 4.7, 4.8, and 4.9. It is noticed that with universal weight function, the 



Table 4.2 Coefficients of five-term weiglit function parameters Mi, M2, M3, and M4 



hi 



d, 



f, 



1 -0.000824975 0.6878602 0.4942668 -3.25418434 

2 0.782308 -3.0488836 

3 -0.3049218 13.4186519 -23.31662697 35.51066606 

4 0.28347699 -7.378355423 



3.4426983 



-1.3689673 



-34.440981408 14.10339412 
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Fig. 4.7 Comparison of five-term weight function with Tada Green's function for ci/D ratios 0.2, 
0.4, and 0.6 
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a/D = 0.8 



Green's function 
Weight function 



Fig. 4.8 Comparison of five-term weight function with Tada Green's function for a/D ratio O.i 
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a/D = 0.95 
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Fig. 4.9 Comparison of five-term weight function with Tada Green's function for a/D ratio 0.95 



maximum absolute difference in the result is less than 1% for 0.2 < a/D < 0.95 
and it is less than 1.5% for < a/D < 0.2 in the range of crack length of < x/a < 
0.98. The range of a/D ratio less than 0.2 is not of practical interest in engineering 
analysis. 

Therefore, the universal form of weight function having four terms can be used 
with less than 3% difference with respect to standard Green's function, whereas this 
difference is still less than 1.5% with five-term weight function. Hence, in engineer- 
ing application for an edge-cracked plate with finite width, the four-term universal 
weight function may be used as a replacement of Tada Green's function without 
much appreciable error. For higher degree of desired accuracy, the five-term weight 
function may be used as an alternative solution of SIR The replacement of Tada 
Green's function by using universal weight function not only reduces the time of 
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integration for determination of SIF but also will provide a closed-form solution 
for SIF up to practical cases of polynomial local stress distribution along the crack 
line. Since the cohesive stress distribution in the fracture process zone of quasib- 
rittle materials like concrete is taken into account, the application of such weight 
functions in the determination of SIF in concrete structure will simplify the integral 
expression and consequently avoid the need of complicated numerical integration 
technique. 



4.4 Linear Asymptotic Superposition Assumption 

Linear asymptotic superposition assumption proposed by Xu and Reinhardt (1999b) 
enables one to introduce the concept of LEFM for analyzing the complete frac- 
ture process and calculating the double-A' fracture parameters of concrete. The 
hypotheses of the assumption are given below: 

1 . The nonlinear characteristic of the P-CMOD curve is caused by fictitious crack 
extension in front of a stress-free crack. 

2. An effective crack consists of an equivalent elastic stress-free crack and equiva- 
lent elastic fictitious crack extension. 

The linear asymptotic superposition assumption can be explained using Fig. 4. 10, 
which shows a typical behavior of a pre-cracked concrete specimen during loading- 
unloading-reloading in a fracture test. 

In the test, the P-CMOD envelope OABCDE is observed during a monotonic 
loading at initial notch length Uo- The behavior of P-CMOD curve is linear up to 
point A and the slow crack extension does not begin until this point of correspond- 
ing external loading P^^i. Since the crack length remains the same as initial crack 



Fig. 4.10 Real unloading 
and reloading trajectory at an 
arbitrary point B 
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length ao in the region OA, the LEFM can be directly applied for determining the 
stress intensity factor and the initiation toughness K^^ of the material is obtained by 
using the initial cracking load Pini and Gq in the LEFM formula. Beyond point A, 
the LEFM cannot be directly applied. Consider a point B on the curve, where the 
external load acting is P\, and the effective crack length is a\,. The difference of at 
and Go is termed as fictitious crack extension. Now the unloading from point B is 
carried out until the load value becomes zero. Further, reloading is done considering 
an effective initial crack length a\, such that the P-CMOD curve will follow the path 
B'BCDE, which means that the LEFM principles can be applicable at point B for 
determining the stress intensity factor using the load value Pb and initial equivalent 
crack length value a\,. Since the nonlinearity on the segment AB is caused by both 
the inelastic part CMODp of the total CMODb and the difference of elastic compli- 
ance between the initial elastic compliance Ci and the reloading elastic compliance 
Cy, according to the first hypothesis, the effect of the CMODp should be considered 
for reasonable evaluation of the Ob. If only the elastic part CMOD^ or the compli- 
ance C[j is used, it may lead to an underestimate in the value of a\, because of the 
nonlinearity in the portion AB. 

According to the second hypothesis, an elastic progressively extending crack 
consists of an equivalent elastic stress-free crack and an equivalent elastic fictitious 
crack extension. In this case, the progressively extending crack somewhat inelastic 
in nature should be equivalent to an elastic crack taking the influence of the inelas- 
tic part CMODp into account. If the equivalent elastic crack length at point B is 
flb and the unloading trajectory meets the point O having zero inelastic deforma- 
tion after unloading, then the unloading trajectory is termed as fictitious trajectory 
as shown in Fig. 4.1 1. In this way the inelastic deformation is taken care of by the 
secant compliance Cg. When reloading is carried out, the reloading trajectory will 
follow-up the same as the unloading trajectory. The compliance value changes from 
Ci to Cs when the equivalent elastic crack length changes from Oq to a\,- Therefore, 
two specimens A and B made of same materials and having the same geometrical 
dimensions except for different equivalent elastic crack lengths Aq and a\,, respec- 
tively, could be imagined in the fracture tests. Then the possible P-CMOD curves 
for these test specimens may be OABCDE for the specimen A and OBCDE for the 
specimen B. The P-CMOD curve with the path OBCDE for specimen B could be 
assumed to be measured which should have been pre-cracked to grow the equivalent 
elastic crack to a desirable length a\,. Beyond point B, with the increase of external 
load, the crack will further develop and the P-CMOD curves obtained from both 
specimens A and B are the same. The difference between the initial crack lengths Uo 
and flb in the specimen A and B will only result in the difference between the two 
trajectories OAB and OB for the respective specimens until the load Pb is reached. 
It is pointed out that the fictitious crack extension Aa^ — a\, — a^ is not stress free 
but some cohesive forces are acting on it. 

For progressive crack growth, it is assumed that a series of specimens made 
of same material having same geometrical dimensions are pre-cracked to grow 
the different equivalent elastic cracks such as Oq, fli, ai, 03, ... and the load is 
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Fig. 4.11 Fictitious 
unloading and reloading 
trajectories at an arbitrary 
point B 



B 




CMODu 



CMOD 



Fig. 4.12 Asymptotic 
superposition of initially 
linear P-CMOD curves 




CMOD 



applied on each specimen until nonlinear deformation appears on the measured P- 
CMOD curve. This mechanism is demonstrated in Fig. 4.12. As a result, a series of 
P-CMOD curves OA, OB, OC, OD, . . . will be linear. These lines are drawn in the 
same coordinate or are asymptotically superimposed together with an origin O and 
the end points A, B, C, D, E, and so on. When the number of lines is good enough 
to yield a smooth curve, it is expected that this envelope will coincide with the mea- 
sured P-CMOD curve of a specimen with an initial crack length Oq. This assumption 
is termed as linear asymptotic superimposition assumption. 

All the secant lines OA, OB, OC, OD, ... are linear segments of a measured 
P-CMOD curve and after the end points of these lines the slow crack extension 
appears. Hence, the linear asymptotic superimposition assumption makes use of the 
LEFM principles at the end point of these segments and a complete fracture process 
with nonlinear characteristics can be solved using series of linear elastic fracture 
mechanics cases. 
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4.5 Determination of Double-ZsT Fracture Parameters 

4.5.1 Effective Crack Extension for the Analytical Method 
and Weight Function Approach 

First, the P-CMOD plot from the standard three-point bending and four-point bend- 
ing tests or P-COD plot from the standard CT test is obtained. Then using linear 
asymptotic superposition assumption, the equivalent elastic crack length Uc at maxi- 
mum load is be solved by using LEFM formulae for each type of specimen geometry 
as mentioned below. 

4.5.1.1 For TPBT with S/D = 4 Using LEFM Formulae 



bPSa 
CMOD = ^V{^) (4.22) 

ViP) = 0.76 - 2.28;6 + 3.87^62 _ 2.04;S3 + ■ (4.23) 

where fi — {a + Ho)/(D + Hq), a — ac equivalent elastic crack length at maximum 
load Pu, Ho is the thickness of the clip gauge holder (Tada et al. 1985). The mea- 
sured initial compliance Ci from the P-CMOD curve is used to calculate the Young's 
modulus E as per the RILEM (1990) formula: 

6San 
E-^r^,ViM (4.24) 

In Eq. (4.24), Aq is the initial notch length and Po — (aq + Ho)/(D + Ho). 



4.5.1.2 For Standard CT Specimen Using LEFM Equations 

Similar to Eq. (4.22), COD for CT specimen is expressed as (Murakami 1987) 

COD=^y(a) (4.25) 

dE 



y(a) = 



2.163 + 12.2190' -20.065a2 '' / ' ■ - -^ 2 



-0.9925q'^ + 20.609q!4 - 9.93 Ma^ 



1 +a . 

1 , (4.26) 



where a — a/D, a — ac equivalent elastic crack length at maximum load P^. The 
empirical expression (4.26) is valid within 0.5% accuracy for 0.2 < a, 0.975. The 
value E is calculated using the P-COD curve as 

E = -^^-^ (4.27) 

C{B 
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4.5.1.3 For Four-Point Bending Test (FPBT) witli SID = 4 and L = D Using 
LEFM Formulae 

Like three-point bending test, tiie fracture beiiavior of tiie four-point bending test can 
be easily determined, so two different loading conditions with the same specimen 
geometry in all respect can be obtained for precise comparison of loading effect 
on fracture parameters (Tada et al. 1985). The loading and support conditions along 
with the dimensions of the four-point bending test considered in the study are shown 
in Fig. 4.13, where the symbols B, D, and S are the width, depth, and support span, 
respectively, with S/D — 4, moment arm L — D, and the load span — 2D. 

For the pure bending case (also for FPBT), the following formulae (Tada et al. 
1985) are used to calculate the equivalent crack extension: 



l2PLa 
CMOD= ^V(/S) 



y(;S) = 0.8-1.7yS + 2.4yS^ 



0.66 



(4.28) 
(4.29) 



Equation (4.29) has better than 1% accuracy for any value of /J. Similarly, the 
measured initial compliance Ci from the P-CMOD curve can be used to calculate 
the E as per the following formula: 



12Lflo 
QBD^ 



viM 



(4.30) 



It was concluded (Karihaloo and Nallathambi 1991) that almost the same value 
of E might be obtained from P-CMOD curve, load-deflection curve, and compres- 
sive cylinder test. Hence, in case initial compliance is not known, the value of E 
determined using compressive cylinder tests may be used to obtain the critical crack 
length of the specimen. 
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Fig. 4.13 Dimensions and loading schemes of four-point bending test specimen 
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4.5.2 Effective Crack Extension for Simplified Method 

4.5.2.1 For TPBT with S/D = 4 

Solution of highly nonlinear equations for determining the effective crack exten- 
sion requires either trial-and-error approach or some specialized numerical methods, 
hence for calculation of CMOD for the standard TPBT specimens, the following 
empirical expression was proposed by Xu and Reinhardt (2000): 



CMOD = ^ I 3.70 
BE 



[3.70 + 32.60fg2|^|/j) 



(4.31) 



where fi — (a+Ho)/(D+Ho). The trial-and-error method is not required for solution 
of Eq. (4.31) and it can be solved directly. As compared to Eq. (4.23), Eq. (4.31) 
yields less than 2% error between 0.2 < /S < 0.7 and when /J is 0.80, the maximum 
error is less than 3.5%. Using Eq. (4.31), the length of effective crack extension is 
expressed by simple equation as 



2{D + H) BEC 

a=- ^arctg,/— -- 0.1135 -//o 

It V 32.6 



(4.32) 



in which C is the compliance — CMOD/P. 



4.5.2.2 For Standard CT Specimen 

An empirical formula was also proposed by Xu and Reinhardt (1999c) for deter- 
mining the effective crack length for standard CT specimen within 1 % accuracy for 
0.2 < a < 0.62 and within 3% accuracy for 0.2 < a < 0.7. An improvement over 
this empirical formula was proposed by Kumar and Barai (2009a). The improved 
empirical relation is valid for 0.2 < a < 0.9 within 0.7% accuracy as compared 
with Eq. (4.26) and is given as below: 



COD 



BE 

P 
BE 

P 
BE 



, \-omiay 

-10.4595 + 12.4573 ( 

\ — a I 



3.4127-1-3.7226 



1 +01 

1 -a 



-8.4875 + 3.8564 



1 +a 
1 -a 



Equation (4.33) is used in the present study. 



, for 0.2 < q; < 0.6 
for 0.6 < a < 0.8 (4.33) 
for 0.8 < a < 0.9 
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4.5.3 Calculation of Double-K Fracture Parameters 

The cohesive stress distribution in the fictitious crack zone gives rise to cohesion 
toughness as a part of total toughness of the cracked body. Superposition method 
is used in order to calculate the SIF at the tip of the effective crack length K\. 
According to this scheme, total stress intensity factor K\ is equal to the summation 
of SIF caused due to external load K^ and the SIF contributed by cohesive stress K^ 
(Jenq and Shah 1985b, Xu and Reinhardt 1999b) as shown in Fig. 4.14. The value 
of Ki is expressed in the following expression: 

^i = k\ + K^ (4.34) 



After determining the critical effective crack extension at unstable condition 
of loading, the two parameters (A"}^' and A'j™) of double- A" fracture model are 
determined using LEFM formulae as given in the following equations. 

4.5.3.1 For TPBT with SID = 4 Using LEFM Formulae 

The SIF is calculated using Eqs. (3.51) and (3.52), in which a is a/D and aN is the 
nominal stress in the beam due to external load P and self-weight of the structure 
which is given by (Tada et al. 1985) 

^N=^^^[2P + WgS] (4.35) 

In Eq. (4.35), Wg is the self-weight per unit length of the beam. 

4.5.3.2 For Standard CT Specimen Using ASTM Standard 399-06 

The SIF is calculated using Eqs. (3.51) and (3.56) (ASTM International Standard 
E399-06 2006). 

4.5.3.3 For FPBT Geometry with S/D = 4 and L = D Using LEFM Formulae 

The SIF created at the fictitious crack tip due to self-weight of the beam is equiv- 
alent to the SIF due to a concentrated load of the magnitude half of the total load 
caused by the self-weight, acting at the midspan of the beam. Hence, in addition to 
the external load P acting on the four-point bending test, the influence due to a con- 
centrated load equal to Wg.572 and acting at the midspan (resembling the three-point 
bending consideration) is also effective if the self-weight of the beam is taken into 
consideration. The SIF for the FPBT, Ki due to external load and self-weight of the 
beam at any loading stage can be calculated using the following procedures. 

The SIF due to external load P on the FPBT specimen Kf (Murakami 1987) is 
expressed as 

Kf ^ at^E^hia) (4.36) 
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Fig. 4.14 Calculation of SIF using superposition method 
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+3.873q'3 - 19.05a'* + 22.55a5 



(4.37) 
(4.38) 



Equation (4.38) has better than 1% accuracy for a < 0.7. The contribution of SIF 
due to self- weight of the specimen Kf (considering TPBT for S/D — 4) is expressed 

as 



Kf = aNsVDA:2(a) 



(4.39) 
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.NS = -^ (4.40) 

where kjia) is obtained using expression (3.52) and ctne and ctns are the nominal 
stresses in the beam due to external load P and self-weight of the structure, respec- 
tively. The effective stress intensity factor Ki of the FPBT loading condition can be 
obtained as the summation of the values Kf and Kf . Hence 

Ki^-Jd [aNE^l(Q') + fTNS^2(a)] (4.41) 

The respective LEFM equations can be used for calculation of unstable fracture 
toughness /("j™ at the tip of effective crack length Uc in which a — ac and P is the 
maximum load P„ for TPBT, CT test, and FPBT specimen geometries. The initiation 
toughness IC^ is calculated using those LEFM equations if the initial cracking load 
f ini at initial crack tip is known. Generally, two methods are employed to determine 
the value of /"ini. The first is the direct measurement method in which the Pini is 
directly obtained using experiments. In the second method, the starting point of 
nonlinearity in P-CMOD or P-COD curve is considered to be Pini. Since it is difficult 
to detect the crack initiation load from experimental approach, an inverse analytical 
method is used to calculate the value of K^ and according to this, the following 
relation can be employed: 

Kt^K'^^-K^c (4-42) 



4.5.4 Determination ofSIF due to Cohesive Stress (Kf) in FPZ 

4.5.4.1 Cohesive Stress Distribution 

It is a well-known phenomenon that in the fracture process zone, a nonlinear stress 
profile can develop before the peak load depending on type of cohesive laws (Zi and 
Belytschko 2003). However, the bilinear softening law is often used for all the prac- 
tical purposes in case of normal concrete. It was reported in the study (Xu and 
Reinhardt 1998) that the shapes of the distribution of cohesive stress ahead of the 
crack tip were not sensitive to the overall value of stress intensity factor at the crack 
tip and linear or bilinear shape of cohesive stress distribution could be assumed 
depending upon the external loading on the structures. Further, the linear stress dis- 
tribution was considered for loading stage up to the peak load and the corresponding 
critical effective crack extension Uc for the development of the double-A' fracture 
model (Xu and Reinhardt 1999b). This assumption might lead to the simplification 
in numerical computations without affecting much on the final values of fracture 
parameters. Moreover, the preceding assumption seems to be reasonable because up 
to the peak load, the process zone length is relatively small and mainly the initial 
portion of the softening branch is used. The cohesive stress acting in the fictitious 
fracture zone on TPBT, CT test, and FPBT specimens is idealized as a series of 
pair normal forces subjected to single-edge cracked specimen of finite width as 
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Fig. 4.15 Distribution of cohesive stress in the fictitious crack zone at critical load 



shown in Fig. 4.3. The linearly varying distribution of cohesive stress is presented in 
Fig. 4.15. 

The value of cohesion toughness ^j^ is negative because of closing stress in 
fictitious crack zone. However, the absolute value of A"^ is taken as a contribution of 
the total fracture toughness. The same computation method (Jenq and Shah 1985b) 
oi¥^ has been also used in the analytical method (Xu and Reinhardt 1999b, c). For 
simplified method the value of A'p is computed using a resultant pair of concentrated 
force as shown in Fig. 4.15. During loading of specimen, the critical condition is 
achieved at maximum load value and the corresponding critical crack-tip opening 
displacement (CTODc). In Fig. 4.15, as(CTODc) is the cohesive stress at the tip of 
initial notch at CTODc and a(x) is expressed as 



a(x) = CTs(CTODc) 



-[/t-as(CTODe)] 



(4.43) 



fl — flo 

Equation (4.43) is expressed in nondimensional form of crack length, U — x/a, 



as 



G(U) = a,(CTODe) + -^^-^[/t - a,(CTODe)], 

1 - flo/fl (4.44) 

for flo/fl < f/ < 1 orO < CTOD < CTODc 
The value of cTj (CTODc) is calculated by using softening functions of concrete. 



4.5.4.2 Determination of CTODc 

Since it is difficult to measure the values of CTODc directly, for practical pur- 
poses the value of crack opening displacement is monitored. At critical condition, 
the value of crack opening displacement becomes critical value of CODc and for 
the known value of COD the crack opening displacement within the crack length 
COD(x) is computed using the following expression (Jenq and Shah 1985a): 

COD(;<:) = CODc{(l - x/af + (1.081 - l.\A9a/D){x/a - ix/af]\ (4.45) 



In Eq. (4.45), the values oix — Uq and a — a^ are used for calculation of CTODc. 
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4.5.4.3 Analytical Method for K^^. 

The stress intensity factor for an edge crack in a finite width of plate subjected to a 
pair of normal point forces P acting at a distance x (Fig. 4.3) can be obtained using 
Eqs. (4.11) and (4.12) (Xu and Reinhardt 1999b). Putting U = x/a and a = a/D 
in Eqs. (4.1 1) and (4.12), the final form of integral equation for cohesive toughness 
due to cohesive stress distribution is expressed as follows: 



1 



= / 2J-cr 
J V JT 



K^ ^ I 2 l-G{U)F{U,a)Aa (4.46) 



F{U,a) 



do I CI 

3.52(1 - U) 4.35 - 5.2W 
f 1.30-0.30f/3/2 



(4.47) 



V[l - 1/2] 



0.83-1.76t/Kl-(l- U)a] 



At critical condition the value of a is taken to be a^. The integration of Eq. (4.47) 
is done by using Gauss-Chebyshev quadrature method because of the existence of 
singularity at the integral boundary. 

4.5.4.4 Simplified Approach for K^^, 

According to the simplified method, the evaluation of A^ is done using a calibration 
function Zix^^/a, ao/a) with Eq. (4.11) (Xu and Reinhardt 2000). The distributed 
cohesive force a{x) is converted into a single equivalent force Pf^ per unit thickness 
as shown in Fig. 4. 15. The absolute value of the K^^ is then expressed as 

K^ = Z ( — , — ) — =^F(xe/fl, a/D) (4.48) 

\ a a ' yjna 

Putting t/g — Xe/a, Kq — a^jD, and a — a/D in Eq. (4.48), the nondimensional 
value of K^/fi^/D is expressed as 

Ki^ / Q!n\ 2Pe 

-^^z{u„-)^^FiU„a) (4.49) 

For trapezoidal cohesive stress distribution, using a nondimensional factor y as 

as(CTODc) 
y = (4.50) 

it 
Eq. (4.44) can be represented in nondimensional form as 
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/t (1 - ao/a) 

From Fig. 4.15, the value of resultant force Pg can be written as 

^e='^(l + K)(fl-ao), forfl<flc (4.52) 

In nondimensional form, Eq. (4.49) is expressed as 

2P 

' = (1 + }/)(l - aja)yf^ (4.53) 



It is shown in Fig. 4.15 that d is the centroid of the resultant cohesive force /"e 
measured from the extending crack tip. Hence d is calculated as 

(l + 2v) 
d^\—-^{a-ao) (4.54) 

3(1 + k) 

and 

Xe = a-(i = a- — — - — -(a-flo) (4.55) 

3(1 + y) 



Also, 



^e --- ../, f2+y + (l + 2K)"^} (4.56) 

+ v) I a J 



7 3(1 + K) 



Finally, the calibration function was empirically determined in the following 
form: 



7n, /^ _6(L025-aiy) /ao\P /^.._0 2 f no 

Z(C/e,ao/a)= — — -— W^A—) \-^t ,for0.2 

1 + 1.83(ao — 0.2) \ a / \ TT 



<ao< 0.8 (4.57) 



where p = 1.5(ao - 0.2) + 0.8 for 0.2 < ao < 0.6; p = 3(ao - 0.6) + 1.4 for 
0.6 < Ko < 0.7; and/7 = 6(q;o - 0.7) + 1.7, for 0.7 < ao < 0.8. 

The value of F(Ue, a) in Eq. (4.49) is computed using Eq. (4.47), and then 
the value of K^ is obtained using Eqs.(4.49) and (4.57). A detailed comparison 
between the computed values of nondimensional parameter K^/fiVD using analyt- 
ical method and simplified approach for 0.6 < y < 0.7 and 0.2 < Q!o < 0.8 and 
a up to 0.975 can be found elsewhere (Xu and Reinhardt 2000). It was shown from 
comparison that the maximum error between the calculated results using simplified 
approach is less than 3.6%. 
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4.5.4.5 The Weight Function Approach for K^ 

In the weight function method, the K^ is determined using Eq. (4.1) due to trape- 
zoidal cohesive stress distribution (Fig. 4.15) at the unstable fracture condition. 
According to this method, first of all the parameters of the weight function are deter- 
mined by the derived Eq. (4.19) or (4.21) depending upon the number of terms in 
the weight function expression. The value of a(x) in Eq. (4.1) is replaced by Eq. 
(4.43), hence the closed-form expression of ^j^ can be obtained. The value of K^ 
using four-term weight function is expressed in the following form: 



^,-f 



as(CTODe) + ^-^\ft - as(CTODe)] [ x 



^7jt(a — X) 



l-hMi(l -x/fl)'/2 

-F M2(l - xja) -F M3(l - xlafl'^ 



dx 



(4.58) 



After integration of Eq. (4.58) the closed-form solution of /ir,9, is determined as 



^ 



IC 



'2na 



Aia 



Is^l'^ +Mis+ -M^s^l"^ ~ 



2 



Aia^ 



4 3/2 Ml 2 4 



Y^M^s^l^ + ^ j 1 " (""Z")^ " 3*«o/fl) [ 



(4.59) 



where Ai = CTs(CTODc), Ai 



/t - a,(CTODc) 



and i' = (1 — ao/a). At the critical 



effective crack extension, a is equal to Ac in Eq. (4.59). Similarly, the closed-form 
expression for /Tj*^ using five-term weight function is derived and expressed as 



^c - 



A^a 



lira 
-4 



A^a 



2s 



1/2, 



■ Mis + -Mjs' 



3/2 



M3 



-s 
3 



,3/2. 



Ml 



—M2S^'^ H M^s^l'^ 

15 35 



M-i 
~6~ 



1 — (ao/a) — 3sao/a 



zM4S- 



,5/2 



(4.60) 



where the values of Ai, A2, and s are the same as indicated above. After determining 
the value of A'j^ using any of the above-mentioned three methods, the double-A" frac- 
ture parameters K[q and K"^ can be evaluated as described in the previous sections. 
A flowchart for computing double-A" fracture parameters can be seen in Appendix 

(Fig. A.3). 
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4.6 Determination of Double-G Fracture Parameters 

The double-G fracture model introduced by Xu and Zhang (2008) is based on 
the energy release rate approach. Apart from the external load, crack length, and 
specimen geometry, the fracture energy release rate approach also depends on the 
deformation characteristic (Young's modulus) of the material. Hence ductility prop- 
erty is associated with energy release rate approach unlike that of stress intensity 
factor-based models such as two-parameter fracture model, size-effect model, effec- 
tive crack model, double-/^ fracture model, and the A'R-curve approach based on 
cohesive stress distribution. As defined in Chap. 2 (see Sect. 2.7.8), the double-G 
fracture criterion is similar to the double-^ fracture criterion except that the former 
is based on the energy release rate concept and the latter is based on the stress inten- 
sity factor approach. Hence with the similar assumptions as of double-A" fracture 
model, the double-G fracture model consists of two characteristic fracture param- 
eters: the initiation fracture energy release Gj" and the unstable fracture energy 
release Gj'^. The cohesive stress provides additional resistance to the stable crack 
propagation in terms of cohesive breaking energy Gp until the critical condition is 
achieved. At the onset of unstable crack propagation or critical condition, the total 
energy release G"^ consists of initiation fracture energy release GJ" and critical 
value of the cohesive breaking energy G^. The analytical method (Xu and Zhang 
2008) used for determining double-G fracture parameters is briefly summarized as 
follows. 



4.6.1 Unstable Fracture Energy Release 

According to this approach, for a cracked elastic body subjected to external force P, 
the energy release rate G is expressed as 

G= (4.61) 

IBda 

where dC/da is the change in compliance with respect to crack extension. 



4.6.1.1 For TPBT Specimen Geometry 

Based on linear asymptotic superposition assumption for three-point bending geom- 
etry, the energy release rate during crack propagation is determined using the 
compliance relation of Tada et al. (1985). Considering a — a/D, the compliance 
C for this case can be expressed as 

& 38^ 
C=- = ^V{oi) (4.62) 



Via) 



= [-—) [5-58 - 19.57a + 2>6.%2a^ - 34.94a^ + 12.77q;'^1 (4.63) 
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The empirical expression (4.63) is valid within 1% accuracy for any value of a. 
The value of dC/da in Eq. (4.61) is computed as below: 



dC 1 dC 



3S^ 



da 



D da IBD^E 

„2 



V(a) 



(4.64) 



(4.65) 



V{a) = ^ [5.58 - 19.57a + 36.820^ - 34.94a^ + 12.77a'*] 

(l-a)H J 

+ (-j-^j [-19.57 + 73.64a - 104.82a2 + 51.08a^l 

Considering the influence of the self-weight of the beam, the unstable frac- 
ture energy release G"^ can be written using Eqs. (4.61) ,(4.64) and (4.65) for 
P — Pa, a — ac, and a = ac: 



Gun 
IC - 



3(Pu + WgS/lfs^ 
4B^D^E 



V(ac) 



(4.66) 



4.6.1.2 For CT Specimen Geometry 

Similar to that of TPBT geometry, the value of dC/da for CT specimen is obtained 
using Eqs. (4.25) and (4.26): 



y(a) = 







dC 1 dC 1 / 

— — — V (a) 

da £>da EBD 




4(1+ a) 


"2.163 + 12.219a - 20.0650^ - 0.9925a^" 


(l-a)3 


_+ 20.609a'* -9.93 14a^ 


/1+ay 


12.219 - 40.13a - 2.9775a2" 




il-aj 




+82.436a^ - 49.657a'* 





(4.67) 



(4.68) 



Then the unstable fracture energy release G"2 can be written using Eqs. (4.61), 
(4.67), and (4.68) for P ^ P^, a ^ a^ and a = ac: 



-■iC 



IB^DE 



Viae) 



(4.69) 



4.6.2 Determination of Critical Cohesive Breaking Energy 

The concept of energy dissipation in the FPZ is demonstrated in Figs. 4.16 and 
4.17. 

The local cohesive breaking energy gf{x) can be explained using Fig. 4.16, in 
which the crack opening displacement at certain location x in the FPZ increases from 
zero to Wx and the corresponding cohesive stress drops down from/t to a{wx)- Two 
conditions, i.e., CTODc < Wj (Fig. 4.16a) and Ws < CTODc < Wc (Fig. 4.16b), may 
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(a) The cohesive stress distribution when CTOD^ < w^ 
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(b) The cohesive stress distribution when ws < CTOD^ < w^ 
Fig. 4.16 The cohesive stress distribution along the FPZ 

arise at the notch tip while using modified bilinear softening function. According to 
fracture energy definition by Hillerborg, the local cohesive breaking energy gf{x) at 
any location x along the FPZ and corresponding COD Wx is defined as 



g{ (x) = / CT (w)dw 





(4.70) 



The distribution of local cohesive breaking energy can be obtained according to 
Hillerborg's concept at different locations along the FPZ as shown in Fig. 4. 17. The 
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Fig. 4.17 Tlie local breaking 
energy due to cohesive stress 
distribution along the FPZ 
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total energy dissipation at any value of crack extension a is the sum of the values 
of local cohesive energy in the whole process zone (a — a^) and is mathematically 
expressed as 



a 

n (x) = /" 



& {x.)Ax 



(4.71) 



The average value of cohesive breaking energy per unit length Gi_coh is then 
defined as 



Gl-coh 







(Wx)dw(bc 



(4.72) 



At critical condition of unstable fracture, the value of crack extension a becomes 
Oc and the corresponding value of Gi_coh becomes the critical cohesion breaking 
energy Gf^: 



w 

G^ — / I a (wx)dwdx 

a-tto Ja„ J 



(4.73) 



The limits of inner integral of Eq. (4.73) are taken to be 0-CTODc for the case 
of CTODc < Ws (Fig. 4.16a). For the second case, i.e., Wg < CTODc < Wc 
(Fig. 4.16b), Eq. (4.73) can be expanded in the following form: 



<^ic - 



CTODc 



/ / cr (H'jc)dH'ck+ / I ^ 



(Wx)dw dx 



(4.74) 
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The Wx in Eqs. (4.73) and (4.74) can be determined using Eq. (4.45) for the 
known value of CMODc and Oc at onset of unstable fracture. Once the value of Wx 
is known, the value of a(wx) is evaluated using a particular softening relation of 
concrete. 



4.6.3 Determination of Initial Fracture Energy Release 

The value of GJ'^' is determined using Eqs. (4.66) and (4.69) for three-point bending 
and compact tension specimens, respectively, for P — Pini and a — a^, in which 
the Pini is the crack initiation load measured experimentally. If the value of Pini is 
not known in advance, an inverse analysis similar to double-/^ fracture parameters 
is employed for evaluating the value of G™ as per the following equation: 

G;- = G--Gfc (4.75) 



4.6.4 Determination of Effective Double-K Fracture Parameters 

Analytical foundation of double-A' fracture criterion and double-G fracture crite- 
rion is based on the linear asymptotic superposition assumption which means that 
linear elastic fracture mechanics relationship is still valid at all point of P-CMOD 
envelope. Therefore, it is convenient to obtain the effective double-^ fracture param- 
eters, i.e., effective initiation fracture toughness K^™ and effective unstable fracture 
toughness K"^ in terms of equivalent stress intensity factors using double-G fracture 
model: 






^ic = VeG' 



ic 



Equation (4.76) is useful for performing the comparative study and relationship 
between the two fracture criteria: double-A" fracture model and double-G fracture 
model. The mathematical procedures for computing double-G fracture parameters 
can be seen in a flowchart as presented in Appendix (Fig. A.4). 



4.7 Application of Weight Function Approach for Double-^ 
Fracture Parameters 

4.7.1 Comparison with TPBT Geometry 

The experimental results of standard TPBT (Refai and Swartz 1987) which con- 
tain complete P-CMOD curves are taken into consideration. Because of the initial 
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compliance, maximum load and corresponding CMOD from the tests are needed in 
the calculation of double- A" fracture parameters; Xu and Reinhardt (1999b) used the 
above test results (Refai and Swartz 1987). In the present work, the same test results 
are therefore considered for the validation of weight function method to determine 
the values of A'j" and A'j™. These parameters are also calculated using the existing 
analytical method (Xu and Reinhardt 1999b) for the comparison purpose. For com- 
putation of K^ in analytical method, the numerical integration of the expression of 
K^ is done using the Gauss-Chebyshev quadrature technique. The two series of 
test results (Refai and Swartz 1987), namely series B and series C, are used to deter- 
mine the values of double-A" fracture model. Concrete mix proportion (by mass) 
of both the beam series was 1:2.468:3.585 [cement (C):fine aggregate (FA):coarse 
aggregate (CA)] with water-cement ratio of 0.50 (by mass). The nominal size of 
coarse aggregate was 19 mm. The cylinder compressive strength and the modulus 
of elasticity for test series B were found to be 53.1 MPa and 38.4 GPa, respectively, 
whereas these values for test series C were 54.4 MPa and 39.3 GPa, respectively. 

The dimensions of test series beams B and C were 76 x 203 x 762 mm (BxDxS) 
and 76 x 350 x 1143 mm (B x D x S), respectively. In the experiment (Refai and 
Swartz 1987), the initial pre-cracked crack lengths were measured directly using a 
dye-penetrant technique for 10 specimens in the test series B and 14 specimens in 
the test series C. Based on test results, the compliance calibration curves at the max- 
imum load were derived using regression technique. These expressions are useful to 
calculate the lengths of initial pre-cracked cracks for other specimens. In the work 
(Xu and Reinhardt 1999b), the initial compliance C\ for each specimen from both 
the test series was measured carefully. From the measured values of Ci, the values of 
initial pre-cracked crack lengths were calculated using the linear asymptotic super- 
position assumption. Further, it was shown that the computed values of Oq/D using 
initial compliance (Eq. (4.24)) and the linear asymptotic superposition assumption 
were in close agreement with those obtained in Refai and Swartz (1987). Hence, in 
the present calculation the measured value of Q and computed values of ao/D are 
kept as the standard initial inputs. Then the value of effective crack length for each 
specimen is evaluated with Eq. (4.22) using trial-and-error method and the linear 
asymptotic superposition assumption at peak load and corresponding CMOD. 

A complete program for the computations was developed using MATLAB to 
characterize the universal weight functions and evaluate the double-^ fracture 
parameters for standard three-point bending test using existing analytical method 
and weight function method. The nonlinear softening relation, Eq. (3.36), needs 
the value of material constants ci, C2, and Wc as well as the tensile strength 
of concrete fi should be known. In the present calculation of double-A' fracture 
parameters, the same (Xu and Reinhardt 1999b) values of ci — 3, C2 — 7, and 
Wc — 160 (xm are considered. Tensile strength of concrete is computed using the 

relation /t — 0.4983^/^ MPa (Karihaloo and Nallathambi 1991). The computed 
values of ac, CTODc, K^, and the double-ZiT fracture parameters /Tj" and K'^^ for 
test series B and C are presented in Tables 4.3 and 4.4, respectively. The values of 
cohesive toughness for both the test series are determined employing the existing 



4.7 Application of Weigtit Function Approacti for Double- A" Fracture Parameters 



141 



X 
X 



X 



X: 








O 


1^ 


73 


S 


O 


(N 


c 




o 




^ 


II 








<■> 


p. 


^ 


o 


m 


i) 


Cu 




o 


m 


^ 


•9 


oo 


0) 


en 






■q 


II 



H Kl 






i X S^ 

U o C 



1) -p 



II 



D .S 



SUOh 






Te 



S E 

' — ' rt 



cUOh 









Q 

o 

H 

u 
Q 

i? 

u - 



oooor~~ooa^c^ClOooa^oo 
0> 0^ O^ 0^ 0^ a> 0^ 0> 0^ oc 
OOOOOOOOOO 



O O O 0> O O O 

p o o a\ o o o 



^^|\Ol^ooooooo^ooo^ClOC^ooc^GO 
0^ 0^ 0^ 0> 0^ 0> 0^ 0^ 0^ 0^ 0> 0^ 0^ OS 
OOOOOOOOOOOOOO 





o 
o 


o 


O 


ON 


OS 


o 
o 


OS 
OS 
OS 


OS 
OS 

OS 


o 


— 


-H 


— 


O 


o 


— 


o 


o 



O (N -H ^ O 

o o o o o 
o o o o o 



OS fN (N r") 

OS OS O O 
OS OS O O 



— -H — — O O 



ooosos^o-nrjmOCTNOs'OOosTi- 
r^^-^GOosoooooooot— -t^^^Tfm 

0000000000CJ000000CDC50 



— in oQ OS m 

-HOOOinsD-HTf;^ 

oor~-coosooomCTN 



oo m OS >£) r- so "^ 
r^ — <^ so -ri- rn — 
IT) ^ oo t^ m m m 



oooooo-Tfinor^ 



OOO^OOas-HO^mW1CNO^ 
r~iCNOOfNfNCOr^OS^^ 

mr-»nt^mmooinc^os 



ooooooooooooooooooooooooo 



Osso-^Osoomr~-OsosrJOSTtTf<NOsosososr<-iTl-<N^SOTtoo 

oooasr-rMro-Ti- — o-Hr^-Hosmir)-HOosr-r-mmO(Ncn 
r^r--^ooasooooooosoot^^"!^mr-oor-ooasooO|~;ooos 



oooooooooooooooooooo 



-H — O 



Ttr^-, OsO^n-HrnasmsOooos — "Tf-rft^^sOOsu-iCN 
mcNOsO-HoJin-^soooocNcNt^-HOi^inr-cNm 
mmmTj-msososocxsGor-inc^inr^mmooinc^os 

ooooooooooooooooooooooooo 



r^ o f-^ u-, 

IT) ^ oo t^ 



osfNoo>o — -rl-ooinr-"/", osr^ios — -HCNsOOsr^irJinrNOsoi 
osas^o-HCNr<-iOosas^ooosT|-m — oooinoO'^osocN 
^■^ooasoocooooor^t^so^mr^oor^ooosoo^^mosoos 

doOOOOOOOOOOOOOOOOO CNO-^d 



t^ fN OS i/~, >£) m r") 

r^ — <^ so "^ r-", — 

m so oo t^ in u-^ m 

d d d d d d d 



ossDt^-Tfmos^oi^oot^ooosoo — m 
o-l<^^msooo — r~iCNoofN — oor^os 
msc^sDoocor^mr^inr-mmoom 



<^sO'rt-mr'-iCN-rt--Tf-Tj-fNm-Tt-'T)- 



r^ oo o n-". r- 
so t|- m t^ oo 



"Tf Tf so m 



— oo o m 
oo o — oo 
-* so rN in 



_____H — -H — — — — — — -H — — rn — 



SDOsOoO-HCj\^0'r)-OsoO(nrO 
ooocN»n-^-H|^inr-)mt^o 
sOoooooo-^TfTtininin^r- 



r^, oo m OS "Tf- -rl- 



m OS (N "Tj- OS C^ Tf 
■^ -^ -^ so so so t^ 

dddddddoooocjoooooocjoooooo 

f^O — -Hin-H\0"^(N — fNron-. fNmOOsooo 
mmoomooni-Host^'ttr-JOt^som-Hinso — o 
inTl-mr<~i-HosfNooosmoomosfNr^t^ — oow^d 
— 'oosdHdrooddr^-^c^rnd--inrnr^iosin 



? 


oo 

s 


so 


OS 

oo 


O 

OO 

o 




^ 


rN 


r-J 


t^ 


— 


fN 



^ in ■^ 



oo -^ so so 



OS in m — I 



Tt in ^ 



OsOsOiNl^sDOO 

— — ac o r- — ' " ~~ 



'Tf -^ in so in so 



so [^ so 'I- OS O 



m>niNt^osc--r~-'g-o-Hosmosomosc^oo(N-Ti-os 
rNso-HO'^rJr^Oooost^r<iossOm-Hoominoooom 
inr-)SOfNcNc-Jinoosoomot^-HOos — "Tj-Ttosi^m 
in'^mmrMr-J-HCN mmin'Tt-r-i'Tt-rJfN-Hcs) — 



m m 0\ 
o o so 

CN ■^ O 



"Tf SO O OO 



mrNOsoooo^^'r)-<nin"n 
oo'^-Hin-^momi^r- — 
m-^mmsosoi^soi^i>-oo 

dddddddddddcjoooooocjoooooo 



soosfNoomossO-Hini^ 
r^-osoi^osincNmso-H 
ror^. f^i'^-^^^OsOsOsO 



ro ra (N m 



— iinCN r^-iOOSO'^OsOv 00 ir^ 

sDso-H'OONrJ'Tf'rj-soCs'TfCsvOOO 

■^— ;Osasinso^DsqO(Nsq'Tf'^Tf--ooqc^.— osr-;oq 
sdoso^■^dH(^isdsD■^lnd-Ho^^nsD»^i^^-irjo^"^'p^ 

— (N<N-f:}-rO00QOr-l y-~ -^ (NCSlmCNOOOmSD 



o-HoJr^. msor-ooosO'— irJ-^insor-ooos 
— r<-)Ttmr~~ooos — — -H — -H,— I,— 1^-,— icS(Mrsiol<NcN(NcStS 

mmmmmmcQCQcQCQCQcQcQpafflmcopQaapQCQCQpqpam 



142 



4 Crack Propagation Study Using Double-^ and Double-G Fracture Parameters 



■3 






■Q 

e3 










Ph — 


jH 




» H 








S 




■goo: 


























fl) 


g 


lO^ 


y=: 




S"e 








D 







oyg; 



■cUOh 



^ S 



^^ 



o 
o 

H 

u 

Q 
O 

S 

u 



cT S. 



a^ooo^^t^oot^ooooClOoocJ^C^-Ha^oooocNfN 
0^a^0^0^0^0^0^0^a^0^0^0^0^O0^Q^CT^OO 



OOOOOOOOOOOOO 



in a> o -H -H 
o a> o o o 



o o o o o 



s s 



o o o o o 



o o o o o 



OOvOOOOOOOOOOOOOOOOO 



ocj — oocioocJdO'-H 



in m m — CTs in (N 

^ m rj ^ ^ o m 

O ^ O 0^ oo (^ ro 

— — — o o o o 



c^^^r-r•l(N■T^■o — i^m^o 
c^r-i^ — a^■T^-o■T1-a^ocoo 

oo(noo>r~-oooo^ci^oooo 
OCJ — oooooooo 



o in G^ m ^ r-. 

^C m — — \C r-, 

n-, ^ ^O 1^ — tN 

O O CD O O O 



-JD oo r- 

"^ OO -H 

O 'si- >JD 



■T^■(NcSlnoor-tNmooc^IOooo^ 

Sr-Oi— iinmoo\£)m^ -- — 



o o o o o 



O O -H 



— mr-)0^■^l:^^^^^^<■)lno^l:--o^^^oo — r^ 
c^-H\oo>r-mascNoot:^^in"n'*ooo 
oomOoor-ooi^Ol^ooooOn-. ^^Ol^ — 



OOO-hOOOOOOOO 



o o o o o o 



inc^'^-TfinooooinavoJOvoi^^^cNOO — i 
oocNr^ooo<^m^ooOT|-^^mrN^l^Om 
a^O^O■T^^ln\Cooa^l^r~-00'TfOO^comr-J 

do — oooooooo — — — — oooo 



-Hooint^-HomascA^'rf"^mo>'*oo-H\D"^ 
i^c^r-i^- c^'^a^ma^oooot^^nln — -H\om 

odd — dddddddd — dddddd 



^ m o> -H \o oo 
m O in m — ' cS 
1^ oo m m m ro 



— '^00Cl0m^0C^^nOO-H^D^ 
oo^cNa^^OfN^o — oooocorNO 
':t^o^■^l■*00^-HOO^lnlnmfN 



m 

o 

oo 


s 

in 


r~~ 


rv| 


OO 


OO 


o 


o 


o 


O 


O 


o 


as 

ON 
OO 


oo 


oo 

— 


oo 

'* 


"n 




ON 




r^. 




Ol 


2 



^-Ha>oiaNoo-HO>r-oo 
minooi^ONOs-Ht^ino 
inm^^int^ocoo^^O 

dddddddddd 



r- ■T)- r- oo — 
oo o in t^ 



o (N c^ as 



-HOOroOS^CN^- OS 
-Tfosin— '■rl-'Tfas- m 
■Tt-in-^Kod^dr-^r^d 
r^ rs| m _H — -H 



-rf O [^ 



o r- o 



'i-ooosC3NO^r~-ooo 



r-l m oo oj "Tf — 

0\ in m (^ OS OS 

CN oo -H oo ^ oo 

— I Tt- CN 'st- oi 



^o>osO"^inosimm 
i^mmm — — r-r-^ 
^inmoominmom 



n-. OS m oo — m 
in t^ ^ t^ -^ m "" 



1^ -Tf ^c 



m i>- ■T)- 



oooooooooooooooo 



— OS m sD OS t^ 

— r~- r-i rn Th 00 

■^ OS O oo CN oo 



" !:C' "^ 



o r- c^ " 

00 r-; Tt r-; 

rn oi d iri 

-Tf -^ CN — 



o -^ rj r*^ "^ m ^ 
en m en c*^ m CO m 
ffl pq PQ ffl PQ m CQ 



r-oooso- cNcn-^m ^ 
cqcQpqoapQcqpQpqcQ^ 



4.7 Application of Weigtit Function Approacti for Double- A" Fracture Parameters 



143 



^ 
't 



X 
X 



U 



^ 



T3 S 

a ^\ 



n 


m 


U 


a. 




O 


■9 


r-i 


•9 


rh 


OJ 


en 






,a 


II 



H Kl 



■^ -o :S 

§ X - 

■'£ "^ T3 

^ O iZ 

s ^ « 

6 = .S 

O S^ QJ 



- I 

(U g 

^ O 
bo s 



6 g 

;^ C 












I — I 03 

■=oa. 



1^ 







'^r? 


n-> 






P 


a 


r-i 


3 






C 


S 


M S 


l: 


fU 


mO(X 


D 




^S 



o ■? 



cT S 



(Nm'-HON^^'^'— '"-H•-^o•-^a^(N'Nt■c^l^t^ma^(N^^oo■^m 
l^^--^^^~-oot~-ooo^ooooo^o^ooa^v^r--ooool>■r~-ooty-(ooa^oo 
O^O^O^O^O^CT^O^CT^O^CT^O^O^O^O^CT^O^CT^O^O^O^O^CT^O^CT^O^ 

ooooocJooooooooooooooooooo 



— CN ■-' 



cviTfrJ-Tfini^tNrvi 



Os O O a^ U^ O 



oooooooooooooooooooc^ooa^oo 
oooooooooooooooooooa>ooa>oo 



oodooodooo~-^oo — ooooooo 



d> d d d 



^^_;od'-^dd--^ddd-^d--^--^ddddd"ddd 



r-rJONoJONinoo^rJ c^a^ 

(/-imrn'—iOOTj-irjrO'Ol^m^ 

ooCTii^ooa>or-or-incN'Nt- 

ddddddd— ^dd--^d 



"-H|^^nmmc^l^lnc^l 
a^ooo^l>oooo■Ttr--oot~- 



CN— i— "O^I>■000^- 

_• ^ _; o d —' d d 



0^0^00— ir--CNOi>-r~-CT\G000Or--^^0 

odd— ^d"--!ddddd--*ddd 



ooa\i^r~-aN\ot^oi>in(N'Nt-ooooa>oooGO 



oooooooooo 



rnm"noo«ni^Oi^inm 

rvl(M'-H0>l>O00I^OCT\0>00(N 

_:^^od--^dd--^ddd— ^ 



rj CO m c^ 

o "— I o m 
-Tt r- oo r- 

ooooooodddd 



•-^l^(N^^ocJ^ooo'Oc^'Nt■mu-) 
i>— l^nooa^l^a^clO— i—i-TtTfo 
— -■r-fNOi^t^CT\ooooor~-i^ 

o^^ddddd—^dd 



a> in in 

m <n -—i 
o\ o^ oo oo 



— '•—iONrjrnin'-Ht^'-H'Or-- 



(N a^ ^ oo ■— 1 o m 
r^j- t~~- in — ' 00 ^ in 
1^ a^ ^ t^ o "O yD 



■rt- Tf in Tj- 



,ooino-^i>tN'-HoorJi^inOi^<ni^inrn\0 

>nr--0[~- — r-J\ooo(Nr^^-iOin\oaN(N— i^-iOminooGOinr- 
ininin"nO^\0^t~-r-ooooooooin\D^^^in'^'^Tfooin 
ddddddddddddddddddddddddd 



rn ^ oo o o o r- 
1^ m (N in ■^ in "-H 
rJ "-H Tt; — ; p ■-; "-H 
Oa^mo^r-J•— '— i^-jin^r 

■Tt CO o oo oo in 



^-.oo•-^voc^^OfNrJ■^rJ^<n•— 'cnin 
t^a>0(NOoo(N"xt-t^inm(NaNTfo 

Tfinr-^tNininindcJ'OtN— -ror-^d 



moscN-^m-^^'^co'^ 



o oo r- o Ti" o 
o o o rj (M m 



S3 



l^^--a^(Nmmlnl^OTt■■^a^'Ocoa^^--^cooo^o^^'^oo\o 
■rt-int^— '■^■TtcooinCT\— iO'^oaNr--i^a>i>i^yD'— '(M^r- 
inOoo^in'nmrvi'^'^inr-JcocoooocJ'^Oco^O'-H^cN 
^^oinin^'Tt-m'-OfNcN— '-—i ■rtin-^-^'^inr--^^ ■^ 



r-. Gooinr- — ooooin 

■^•^-^ininin^^^r- 

dddddddddd 



r-) r- ^ O ■Tt 

rJ >n O in '^t O 

oo ■Tt in >n >n in 

d d d d d d 



m — a\ ^ GO ON 

^ 00 r- cs — cN 

■^ m CO T)- oo in 

d d d d d d 



mco-— lO-— iO>0'Nt-ooomi>'r~- 
i>;OrJ— ;oqrn(N'-;mrJ(NO\tn 
^coodd'^cjdin^oddcN 



i^rjrn^rjcor-rnTi- oo 
■^c-^cor-^p^-^pa\\qr^'^ 

[-^^od--in»n-HCT\^d 



m 



(N 



o— 'CNro'^in^oi^ONO^cNm-^in^o 
•—'r^^m'^ln^r--ooa^■— I — --H — —i-— '—'•—'— 'CNc-icNCNCNcNtN 

uuuuuuuuuuuuuuuuuuuuuuuuu 



144 



4 Crack Propagation Study Using Double-^ and Double-G Fracture Parameters 



:§ ■§ ^ 

s « g; 

o X ^ 

•- 'o "P 

™ r^ c5 

D. -i; jr 

s 3 :§ 

O "5 (D 

u S OS 






D a 



C bo ■£ 



D .s 



ST 









I — I d 






I 1 c3 






■^TS 



^y Oh 






<Z'Z 



000000GOa^l>■^~-0O00•-^■— I 
0^0^0^(J^0^0^0^0^C^OO 

dooodoooooo 



m -^ (M ■— ' (N 



m rj (N CN cJ 



ooooooooooo 



ooooooooo 



o o 
d d 



ddddddddddd 



"nom^a^"noo^o^ocJ 

ddddd—^ddddd 



ddddddddddd 



mo^— -ly-ir-in^'^r-orn 

ddddd--^ddddd 



t^ t^ r-- 



m ■^ ■^ -^ ^ in o 
oo (N ■^ — ' CT\ ^o o 
1^ c^ o "O <n t^ --H 



ooooooooooo 



a^l^(NmOTt■omoo 
(^^^c^mooM^o^O(N 

^O^'^OCTsMDOOrJCJ 

ddd—^ddddd 



— iGoa>0\Oi>'^oi/^unoo 

■ ■^ 'O in (N 



5<" 


(5 


-; 


-: 


^ 


-: 


^ 


^ 


-: 


-; 


-: 


d 


d 




5 

a 


r- 
m 

^ 


S 

^ 


<n 


in 

in 


c^ 


OO 




o 










o 


O 


o 


o 


o 


o 


o 


o 








Q 


B 


00 




GO 


in 

m 


od 


p 


in 
in 
'^ 


s 

d 


m 
in 


<n 
o6 


as 


H 




rj 


^ 




in 


_H 


rj 


m 


<n 










£ 




^ 


ON 


0^ 


P 


9. 











inooTfoom-— ii^Tf 

CT\(NOO— 'Or-Ch'—i 
OO^Oa^— i(N"n^"n 



—im—i-— 'r^-inin-— I 
>o^^^r~-rnini^ 

ddd'dd'dicidi 



— t^r^cjmrncoTi- 
'OoofNooO'Omm 

r-'^(NO'i---H(N^ 



uouuououS 



4.7 Application of Weigtit Function Approach) for Double- A" Fracture Parameters 145 

analytical method using Eq. (4.46), four-term weight function method using Eq. 
(4.59) and five-term weight function using Eq. (4.60). Using Eq. (4.42), the value 
of K^^ is then computed in each case. In Tables 4.3 and 4.4, the cohesive tough- 
ness determined using numerical integration method, four-term weight function 
method, and five-term weight function method are denoted as [/rj*^]Ni, [^i*^]wF4> 
and [K^]we5, respectively, and the corresponding computed values of initiation 
toughness are denoted as [^J^'Jni, [^ic]wf4, and [A'j"]wF5- The computed values 
of K'^Q and [/Tj^Jni are compared with the corresponding values of fracture param- 
eters presented by Xu and Reinhardt (1999b), which are denoted as A'j™* and K™*, 
respectively, in Tables 4.3 and 4.4 for both the test series B and C. Comparison is 
made in terms of mean values of the ratios K'^^/K'^^* and [K[^]m/K[c* f°'' ^^^^ '•^^'• 
data in the above test series. From overall observation it is found that the present val- 
ues of A'j™ and K^™ agree very closely with the respective values of K'^^* and K^* 
evaluated by Xu and Reinhardt (1999b) well within approximately 2% of accuracy. 
From Tables 4.3 and 4.4 it is observed that the average value of K"^ for the 
test series B and C is 1.581 and 1.655 MPa m^'^, respectively. The standard devia- 
tion and the coefficient of variation of the K"q for the test series B are 0.326 MPa 
m''^ and 0.206, respectively, whereas those for test series C are 0.195 MPa m^'^ 
and 0. 1 1 8, respectively. Hence, no appreciable difference in the mean values of K'^^ 
between the test series B and C is observed. The mean values of [AT^Jni, [^j*^]wf4; 
and [-^j^] for test series B are 0.71 1, 0.701, and 0.713 MPa m"^, respectively, while 
those for test series C are 0.890, 0.877, and 0.891 MPa m^'^, respectively. As com- 
pared to [A'j^]ni, the predicted values of [A'j^]wf4 for test series B and C are 1.41 
and 1.46% less, respectively. However, almost same values of [A^]ni and [A'^]wf5 
are obtained for both the test series. Similarly, it is also observed that with respect 
to [i*rj"]Ni the computed values of [A'j^']wF4 for test series B and C are 1.15 and 
1.57%, respectively, on higher side. However, no appreciable difference is observed 
between the computed values of [/Tj^'Jni and [^j™]wF5 for both the test series. 



4.7.2 Comparison with CT and WST Geometries 

Some experimental results on CT and WST specimens available in literature are 
considered to evaluate the double-ZiT fracture parameters for the validation and 
comparison of weight function method with the analytical method. Test results on 
compact tension test reported by Briihwiler and Wittmann (1990) and on wedge 
splitting test presented by Zhao et al. (1991) and Zhu (1997) were used to deter- 
mine the double-/^ fracture parameters in the work (Xu and Reinhardt 1999c). The 
above experimental results along with tests results reported by Kim et al. (1997) and 
Xu et al. (2006) are considered for the present comparative study. The value of E 
obtained from the cylinder tests provided by Briihwiler and Wittmann (1990), Zhao 
et al. (1991), and Kim et al. (1997) is taken in the respective calculation. On the other 
hand, measured values of E from P-COD curves as reported in Xu and Reinhardt 
(1999c) for the data series of Zhu (1997) are used in the present evaluation. The 
values of initial compliance reported by Xu et al. (2006) are used to calculate the 
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values of E for this data series. Except for the test series reported in Kim et al. 

(1997), the relation /t = 0.4983^^ (Karihaloo and Nallathambi 1991) for deter- 
mining the value of/t and the material constants ci — 3, C2 — 7, and Wc — 160 |xm 
for normal concrete (Reinhardt et al. 1986) are taken in the calculation of A"^. For 
test series reported in Kim et al. (1997), the value of COD at peak load is read 
carefully from the P-COD curves. The values of tensile strength and material con- 
stants ci_ C2, and Wc for each specimen of different types of concrete are determined 
using the following expressions given by Xu (1999) and CEB-FIP Model code-1990 
(1993): 

Ci = 9(«fn,ax/8)°-'' 

C2 = (0.92 - fl'niax/400)X 

Wc = apGF/ftm 



^ = 10 - [/ck/(2/cko)] 



0.7 



(4.77) 



jO.9 /o 
"max / ° 



Gf = [0.0204 + 0.0053<,''^V8](/cm//cmo)°'' 

where /tni is the mean tensile strength (MPa);/cm is the mean compressive strength 
(MPa);/cmo — lOMPa; Gf is the fracture energy (N/mm); d^ is the maximum size of 
aggregates (mm);/ck is the characteristic strength of concrete (MPa);/cko — lOMPa. 
According to CEB-FIP Model Code-1990 (1993), the relation /cm =/ck + 8 is taken 
and the mean tensile strength is calculated using the following expression: 



/til 



ttfct, 



i(/ck//cko) 



(4.78) 



where afct.m — 1.40 MPa. The material properties for the data series reported in 
Kim et al. (1997) obtained in the above manner is reported in Table 4.5. 



Table 4.5 Material properties for WST specimens for d.^= 10 mm 





Cylinder 














compressive 




/tm using 








Specimen 


strength, 




Eq. (4.78) ( 


•l using 


C2 using 


H'c using 


No. 


/c (MPa) 


E (MPa) 


(MPa) Eq. (4.77) 


Eq. (4.77) 


Eq. (4.77) (|im) 


L60 


31.27 


29940 


2.46 


1.18 


7.95 


188 


L40 


47.41 


33720 


3.50 


1.18 


7.51 


166 


L20 


82.8 


40570 


5.34 


1.18 


6.70 


140 


G60 


32.57 


28790 


2.55 


1.18 


7.92 


185 


G40 


45.85 


33400 


3.40 


1.18 


7.55 


167 


G20 


85.68 


39570 


5.49 


1.18 


6.64 


138 


R60 


34.87 


26510 


2.71 


1.18 


7.85 


181 


R40 


55.28 


31580 


3.94 


1.18 


7.32 


159 


R30 


66.91 


34350 


4.57 


1.18 


7.04 


150 


R20 


88.80 


38140 


5.64 


1.18 


6.57 


137 


Kim et al. 


(1997) 
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All the notations of the fracture parameters are taken as the same of the previ- 
ous comparison with TPBT. The computed values of K^^ and [/r™]Ni are compared 
with the corresponding values of fracture parameters presented in Xu and Reinhardt 
(1999c), which are denoted as A'Jj?* and K\^*, respectively, in Tables 4.6, 4.7, and 

4.8 for the test series of Briihwiler and Wittmann (1990), Zhao et al. (1991), and Zhu 
(1997). From overall observation it is found that the present values of unstable frac- 
ture toughness K"^ agree with those of A'j™* evaluated by Xu and Reinhardt (1999c) 
well within approximately 7% of accuracy. However, excepting few cases, viz. 
specimen No. KZP-7, KZP-11, KZP-19, KZP-16, KZP-1, KZP-4, KZP-9, KPZ-17, 
and WP-6 of test series reported in Zhu (1997), the values of initiation toughness 
[^ic ]ni obtained in the present calculation are in good agreement with those ofK^* 
within 15% of accuracy. It is observed that the value of cohesive toughness [A'J^Ini 
obtained in the present case is relatively on higher side than is that presented by Xu 
and Reinhardt (1999c). Experience shows that both the fracture characteristic values 
of double-TT fracture parameters are sensitive to the values of numerical approxima- 
tions in different material properties and geometrical factors such as the values of 
aJD ratio and the Green's function. Particularly a minor discrepancy in the value 
of aJD leads to relatively higher error in the values of the fracture parameters. 
Especially, the value of initiation toughness is dependent on both the computed val- 
ues, i.e., unstable fracture toughness and cohesive toughness, which are indirectly 
related to many material and geometrical parameters. Therefore, the value of ini- 
tiation toughness is relatively more influenced by those material and geometrical 
properties than is the value of unstable fracture toughness. The values of aJD ratio 
in the present case are evaluated applying linear elastic fracture mechanics equa- 
tions used for the standard compact tension test, whereas those values are gained in 
Xu and Reinhardt (1999c) using standard equations or empirical equations depend- 
ing upon whether the test specimen is standard or nonstandard. Apart from the other 
factors, the higher discrepancy between the calculated values of [A'j^'Jni and K^* 
for the test series reported in Zhu (1997) is mainly attributed to different equations 
used for the respective evaluation of effective crack length/depth ratio, aJD. 

From the evaluated results vide Tables 4.6, 4.7, 4.8, 4.9, and 4.10, it is observed 
that the values of [^{^]wF4 are somewhat less than those of [^j^]ni and the val- 
ues of [A'^]wF5 is almost the same as those of [/("^Ini in all the test specimens. 
As compared to [/Tj^Jni, the maximum absolute difference in predicted values of 
[A'j^]wF4 for test series of Briihwiler and Wittmann (1990) is 1.460% for specimen 
No. 2, Zhao et al. (1991) is 1.136% for specimen No. V4-WS, Zhu (1997) is 1.924% 
for specimen No. KZP-21, Kim et al. (1997) is 1.721% for specimen No. G20, and 
Xu et al. (2006) is 1.494% for specimen No. WS70-1. The corresponding values of 
[^ic ]wF4 are slightly on the higher side. 

Xu and Reinhardt (1999c) reported that the value of K^ is independent of the 
specimen size but the value of K'^^ appears to be slightly size dependent using 
the middle size compact tension test results of Briihwiler and Wittmann (1990). 
From the test results on wedge splitting test specimens of Zhao et al. (1991), it was 
shown that both the parameters /Tj" and K^^ are independent of specimen thick- 
ness, whereas they are dependent on the volume of the specimen. Xu and Reinhardt 
(1999c) also reported that there is almost no significant influence of the initial notch 
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Fig. 4.18 Variation of double-A' fracture parameters with ayo ratio for test series (Xu et al. 2006) 



length/depth (uo/D) ratio on the calculated values of fracture parameters K^ and 
K^^ using test results of Zhu (1997). 

Since the double-ZsT fracture parameters obtained using five-term weight func- 
tion are in very close agreement with those determined using analytical method, the 
results obtained using the former method are considered for further analysis. The 
effect of initial notch length to depth (ao/D) ratio on the double-ZiT fracture param- 
eters K^ and Kf^ for the test series of Xu et al. (2006) vide Table 4.10 is shown 
in Fig. 4.18. It can be noticed from the figure that there is no significant influence 
of Oq/D ratio on the values of TTj" and K'^^. This effect is similar to the observa- 
tion made by Xu and Reinhardt (1999c) using the test results of data series of Zhu 
(1997). 

Calculated values of double-ZT fracture parameters from test series of Kim et al. 
(1997) (vide Table 4.9) using five-term weight function are plotted with respect 
to their values of tensile strength as shown in Fig. 4.19. It is seen from the figure 
that the values of K^^ will increase gradually for corresponding increase in tensile 
strength of concrete while ignoring the factors such as types of coarse aggregates 
used in the concrete mixes. However, no significant difference in the values of ^j^' 
up to normal strength of concrete is observed. 

For high-strength concrete (specimen Nos. L20, G20, and R20), the values of 
/Tj" will tend to approach the values of K^^. It is a known fact that most aggre- 
gates are stronger than the cement-based matrix in normal strength concrete and 
consequently the fracture process normally takes place around the aggregates. On 
the other hand, a crack will run through the aggregates in high-strength concrete and 
therefore the mechanical interactions between aggregate particles and cement-based 
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Fig. 4.19 Variation of double-A' fracture parameters with concrete strength for test series of Kim 
etal. (1997) 



matrix cannot be activated. This results in the failure of high-strength concrete in a 
more brittle manner. It is difficult to draw some conclusions based on very few test 
results. However, if the brittleness is caused due to high-strength nature of concrete, 
then it seems to be true that /Tj" will approach K^^ because the effective crack 
extension Oc will be approaching the initial notch length Oq. This leads to lower 
value oi K^^ and higher value of A'j". The nondimensional brittleness parameter fi^ 
of concrete may then be defined using double-A" fracture parameters as 



f^B 



E^ini 



A, 



IC 



(4.79) 



where the nondimensional brittleness parameter Pb will vary between and 1. 
The higher is the value of /Sb, the more is the brittleness. However, sufficient 
experimental results are further needed to verify Eq. (4.79). 



4.8 Size-Effect Prediction from the Double-^ Fracture 
Model for TPBT 



It is clear that a fundamental difference between the fictitious crack model and the 
double-^ fracture model is perceptible. In the development of fictitious crack model 
or cohesive crack model for concrete fracture, no singularity is considered at the 
crack tip and the crack propagation criterion is based on the cohesive stress in the 
vicinity of the crack tip. On the contrary, in the double-ZT fracture model, the value 
of K'^Q is equal to the summation of K^^ and K^ and hence the cohesive stress does 
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not necessarily abolish the stress singularity condition and the crack propagation is 
not governed by stress criteria, unlike the concept of fictitious crack model. 

From the observations based on the experimental studies (Xu and Reinhardt 
1999a, b), it was reported that the double-ZT fracture parameters were almost inde- 
pendent of the specimen size. Though the size-effect study of double-A" fracture 
parameters based on experimental results is available in the literature, no such 
numerical study has been attempted in the past. Furthermore, it is pointed that the 
principles of the development of fictitious crack model and double-A" fracture model 
are contrary to each other. In view of the foregoing observations, a relationship 
between fictitious crack model and double-^ fracture model has been attempted 
to establish in the present investigation for the TPBT in the manner similar to the 
previous studies (Planas and Elices 1990, Karihaloo and Nallathambi 1990). 



4.8.1 Size-Effect Law for Unstable Fracture Toughness K"^ 

A similar size-effect law, employed for effective crack model (Karihaloo and 
Nallathambi 1990), is used for the size-effect prediction of K'^^ in double-A" fracture 
model. For instance, the following expression can be written for the TPBT using Eq. 
(3.51): 



K] 



ic 



^INu 



k{ao). 



(4.80) 



in which k(ao) or k{ac) can be obtained using Eq. (3.52). The right-hand side of Eq. 
(4.80) is expanded using Taylor's series in the power of AqJc — (flc — a^j/D and 
only up to fourth-order terms are retained in the series such that A'j™ and /q^u will 
yield the same result for infinitely large structures {D —>■ cxd): 
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where A,,- are the dimensionless coefficients depending upon ao such that 
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The for 82,81,, and 84 appear to be slightly different from those presented elsewhere 
(Karihaloo and Nallathambi 1990). Assuming the equivalent fracture energy termed 
as unstable fracture energy Gp" and a material constant corresponding to K^^ which 
can be expressed as 



/ j^iin\ 

(^tr) 



(4.85) 



Equation (4.81) can be recast in the following form using Eq. (4.85) and taking 
Gf = Ffc'. 
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Equation (4.86) gives the required size-effect curve for K'^^ which can be plotted 
on the X-Y coordinate similar to the size-effect equation for the FCM. 



4.8.2 Size-Effect Law for Initiation Fracture Toughness Kj^' 

It is clear that both the values K^^ and Xjnu depend on the relative size of the initial 
notch length a^ and therefore, it may be possible to express that 
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Alternatively, Eq. (4.8 
Eq. (4.42): 



may also be expressed in the following form using 
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The right-hand side (RHS) of Eq. (4.88) becomes indeterminate since the value 
of f ini is an unknown quantity before predicting the size-effect law for K^^. Also the 
RHS terms of Eq. (4.89) containing K^ is a function of cohesive stress distribution 
(j(w),ft, and Acnc, therefore, it is difficult to arrive at a closed-form size-effect law. 
Assuming that a definite relationship exists between K^ and K"^ with regard to the 
size of the structure, an empirical relationship similar to Eq. (4.86) may be arrived 
at by considering an equivalent fracture energy at crack initiation Gp ' such that 
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in which /c, are dimensionless coefficients depending on the geometry and material 
properties. For infinitely large-size structures (D —>■ oo), left-hand side (LHS) of 
Eq. (4.91) tends to be unity and G™ '/Gfc —^ Kq, which is a constant quantity and 
does not depend on geometry or size of the structure. Equation (4.91) can be plotted 
on X-Y coordinates similar to previous size-effect laws for the unstable fracture 
toughness. 



4.8.3 Prediction of Size Effects from FCMandDKFM 

For computing the mathematical coefficients, the fracture peak load and the corre- 
sponding CMOD are determined using fictitious crack model. The concrete mix for 
which the material properties are/t = 3.21 MPa, E — 30GPa, and Gfc =103 N/m 
(Planas and Elices 1990) is taken into account for the present investigation. The 
value of V is assumed to be 0.18. For TPBT specimen with B — 100 mm, size range 
100 < D < 400 mm, and S/D — 4, half of the beam is discretized having 40 
numbers of equal four-node isoparametric elements along the depth of the beam. 
The number of fracture nodes along the fracture line is considered to be 38. The 
quasi-exponential softening relation (Eq. (3.39)) is used in FCM and DKFM. 

The fracture parameters, viz. A'inu, K'^, K"^ Gp', and G™, are computed accord- 
ing to the steps mentioned in the preceding sections for which five-term weight 
function method is employed. The calculated values of the material fracture param- 
eters are reported in Table 4.11. The difference in the values of the peak load 
obtained between present calculation and those reported elsewhere (Karihaloo and 
Nallathambi 1990) is due to the effect of self-weight of the specimens. In the present 
study, fictitious crack model (Carpinteri 1989a-c) gives the peak load excluding the 
self- weight of the beam specimen. The mean values of G™ (Table 4.12) and Gj?' 
(Table 4.13) are taken as the material properties of the concrete mix for the size 
range 100 < Z) < 400 mm. The size-effect parameters for K'^^ are computed in the 
similar manner of the previous work (Karihaloo and Nallathambi 1990). Hence the 
values of Aflc/4h for each specimen are calculated by satisfying size-effect condi- 
tions between fictitious crack and double-A" fracture models and solving fourth-order 
equations (4.86) and (4.87) in terms of Aflc/^ch- The gained size-effect parameters 
X\, k2, A3, A4 for each geometry and Aflc//ch for each specimen are presented in 
Table 4.12. Also, a comparison of unstable fracture load calculated according to fic- 
titious crack model and the present size-effect law for unstable fracture toughness 
is presented in the same table. The size-effect law predicted by K™ of double-ZT 
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Table 4.11 Specimen dimensions and double-^ fracture parameters 









CMOD 


c 


ifiNu (MPa 


^g(MPa 


/s:™(MPa 


G|?' 


g;;" 


D 


aJD A, (N) 


(\x,m) 


aJD 


mml«) 


mml/2) 


mml/2) 


(N/m) 


(N/m) 


400 


0.2 


13548 


60.3 


0.3144 


33.64 


12.22 


45.20 


4.97 


68.10 


300 


0.2 


11248 


56.8 


0.3386 


31.69 


12.64 


45.34 


5.32 


68.52 


200 


0.2 


8486.4 


43.8 


0.3428 


28.84 


13.08 


41.71 


5.70 


58.00 


100 


0.2 


5065.5 


34.5 


0.3961 


24.03 


13.19 


40.10 


5.80 


53.59 


400 


0.3 


10369 


80.6 


0.4212 


33.88 


12.68 


46.84 


5.36 


73.15 


300 


0.3 


8654 


69.6 


0.4277 


31.92 


13.42 


44.95 


6.00 


67.34 


200 


0.3 


6558.1 


59.4 


0.45 


29.04 


13.86 


43.63 


6.40 


63.45 


100 


0.3 


3932.4 


39.5 


0.4691 


24.22 


13.56 


38.53 


6.13 


49.48 


400 


0.4 


7646.5 


96 


0.5095 


33.35 


13.12 


46.20 


5.73 


71.13 


300 


0.4 


6429.7 


83.6 


0.5158 


31.40 


13.83 


44.38 


6.38 


65.66 


200 


0.4 


4898.2 


72.7 


0.5389 


28.53 


14.27 


43.54 


6.79 


63.21 


100 


0.4 


2946.4 


49.7 


0.5606 


23.74 


13.95 


39.07 


6.49 


50.87 


400 


0.5 


5300.3 


126.8 


0.6169 


32.32 


13.12 


48.91 


5.74 


79.74 


300 


0.5 


4513.3 


100 


0.6049 


30.41 


13.84 


43.91 


6.39 


64.26 


200 


0.5 


3467.8 


79.6 


0.6105 


27.56 


14.06 


40.67 


6.59 


55.13 


100 


0.5 


2094.2 


55.9 


0.6335 


22.81 


13.60 


36.96 
Mean 


6.16 
5.997 


45.53 
62.322 



Table 4.12 Size-effect parameters for K™ of double- A" fracture model 



D Oo/D aJD" 



G'^"/Gfc AaJkh M 



>^2 



A3 X4 



Max. diff. 
in critical 
fracture 
loads (%) 



400 


0.2 
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200 
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400 


0.5 


0.58525 


62.46 
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300 


0.5 
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0.5 
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0.058583 
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5.12 13.' 
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6.35 25.32 84.05 251.53 
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^Predictions from size-effect study 
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Table 4.13 Size-effect parameters for K"^ of double-A' fracture model 

Max. diff. in 
crack initiation 
D Ua/D G'™/Gp(2 Ka ic\ K2 /Q ka, loads (%) 

0.0582 0.09 0.101 -0.0137 0.0019 -1.04x10"^ 0.044 

0.003 
-0.065 
-0.174 

0.0582 0.09 0.0967 -0.0114 0.0012 ^xlO'^ 0.017 

0.019 
-0.003 
-0.005 

0.0582 0.09 0.1064 -0.0163 0.0026 -1.7x10"^ 0.008 

-0.043 
0.023 
0.048 

0.0582 0.09 0.125 -0.0247 0.0049 -3.7x10-^ 0.132 

-0.076 
0.046 
0.083 

All 0.0582 -19.58 



fracture model for two particular geometries (go/D — 0.3 and 0.5) is shown in 
Fig. 4.20. It is seen from Table 4.12 and Fig. 4.20 that size-effect predictions from 
K"q of double-/^ fracture model and fictitious crack model are in very close agree- 
ment for laboratory- size-range specimens and the difference of prediction is not by 
more than 22.22% for asymptotic large size {D — >• oo). The ratio aJD obtained 
from LEFM equations {A. 22) and (4.23) and size-effect equations (4.86) and (4.87) 
for li±/D ratios 0.75 and 3 is plotted in Fig. 4.21 for the sake of comparison between 
LEFM formulae and size-effect formulae. It is clear from the figure that the values 
of Aac/lch, and therefore ac/D, so obtained are in good agreement with Oc/D deter- 
mined using standard procedures with LEFM expressions for the size range taken 
into study. The variation of Aac/kh calculated using size-effect law with ZV/ch is 
shown in Fig. 4.22 for different geometries (0.2-0.5). It is observed from the plot 
that Aflc/'ch is not a material property for a given geometry of up to nearly 500 mm 
beam depth and it increases asymptotically with increase in D/lch- Beyond 500 mm 
depth, these values seem to be constant and may be considered as a material property 
for a particular geometry. 

Since the size-effect law for initiation toughness ^j^' as introduced in previ- 
ous section seems to be more complex and is based on the assumption that ratio 
of K^q/KI™ maintains some definite relationship with respect to the size of struc- 
ture. Therefore, the variation between K™/Kl™ and Uh/D is plotted in Fig. 4.23 
for three different geometries (0.3-0.5). It is observed from the figure that the 
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Fig. 4.20 Size-effect curves for FCM and K™ of DICFM for TPBT specimens 




Fig. 4.21 Comparison of effective crack extension to deptii (aJD) ratio calculated using LEFM 
(Eqs. (4.22) and (4.23)) and size effect (Eqs. (4.86) and (4.87)) 



assumption regarding deriving size-effect law for K^ turns out to be true. The coef- 
ficients /CiC/fo — '^4) are then determined from least square fitting after satisfying 
the size-effect law using Eq. (4.91) completely. The values of k^ such determined 
are slightly different for each geometry for instances 0.0869, 0.0887, 0.0921, and 
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Fig. 4.23 Variation of K'^IKyq ratio with Uh/D for various specimen sizes 



0.0908 for Uo/D — 0.2, 0.3, 0.4, and 0.5, respectively. Therefore, finally mean of 
all, Ko ^ 0.09, is adopted as material property, which is geometry independent. 
Keeping this value to be constant, the coefficients ki — K4 are determined for dif- 
ferent geometries using least square fitting after satisfying Eq. (4.91). The different 
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Fig. 4.24 Size-effect curves for FCM and AT™ of DKFM for TPBT specimens 



parameters of size-effect law for K'^ are presented in Table 4. 1 3 and the correspond- 
ing size-effect law predicted with respect to fictitious crack model for two particular 
geometries (ao/D — 0.3 and 0.5) is shown in Fig. 4.24. 

From Table 4.13 and Fig. 4.24, it is clear that the size-effect curves are in very 
good agreement and are dependent on the geometrical parameters, Oq/D ratios. 
It is noticed that the maximum difference in the predicted crack initiation load 
gained from the two models for laboratory-size-range specimens are less than 0.2% 
(Table 4.13). Further, it is also clear that the predictions of the two models differed 
by about 19.58% for asymptotic size (D —>■ oo), i.e., size-effect law for K\^ of 
double-A' fracture model seems to be more conservative by about 20%. 

For notched three-point bending laboratory-size specimens, it was shown that 
the predictions of fictitious crack model and double-^ fracture parameters (A'j™ and 
K^^) are almost the same, similar to the cases between fictitious crack model and 
two-parameter fracture model, fictitious crack model, and size-effect model (Planas 
and Elices 1990) and fictitious crack model and effective crack model (Karihaloo 
and Nallathambi 1990). In the asymptotic limit of infinite size, the predictions of 
fracture loads between fictitious crack model and the K^™ and fictitious crack model 
and the K^^ are significantly different. This divergence is slightly more than the 
agreement between fictitious crack model and effective crack model and less than 
that between fictitious crack model and size-effect model and between fictitious 
crack model and two-parameter fracture model. 
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The size-effect equations (4.86) and (4.87) for unstable fracture toughness Kf^ 
and Eq. (4.91) for initial cracking toughness K^^ are derived making use of lin- 
ear elastic fracture mechanics formulae for the three-point bending test geometry. 
Therefore, the equations presented herein the chapter is valid only for the TPBT 
geometry and for any other specimen geometry, a similar approach can be easily 
followed for the size-effect predictions using the respective linear elastic fracture 
mechanics equations. 

Since the shape of the softening function is the main ingredient of the cohesive 
crack method, the size-effect curves are obviously affected by the choice of the 
softening function. It was reported in the study (Zi and Bazant 2003) that the size- 
effect curves could be affected by the initial segment of the softening curve for 
the specimens of positive geometry, while those could be influenced by the entire 
softening curve for the negative-positive specimen geometry. Furthermore, it was 
concluded that the shape of the softening function influenced the size-effect curves 
to a significant extent for large-size specimens. In addition, it is also obvious that the 
softening function is used for determining the fracture parameters of the double-ZT 
fracture model; its shape does affect the size-effect curves of the double-^ fracture 
criterion. As a result, a separate analysis needs to be carried out in order to accurately 
determine the mathematical coefficients of the size-effect laws for each type of the 
softening curve. 



4.9 Numerical Study on Double-isT Fracture Parameters 

A precise comparative study on determination of double-A" fracture parameters 
using existing analytical method, simplified approach, and the present weight func- 
tion approach is carried out on TPBT and CT specimen geometries at different 
tto/D ratios ranging 0.15-0.80 for specimen size 200 mm. The influence of speci- 
men geometry, loading condition, and softening function on the fracture parameters 
for the size range 100-600 mm is also investigated. The input data such as the peak 
load P„ and the corresponding critical value of CMODc for TPBT and FPBT or 
CODc for CT specimen are obtained using PCM. 



4.9.1 Material Properties 

The concrete mix for which /t = 3.21 MPa, E = 30GPa, Gp = 103 N/m (Planas 
andElices 1990), (ia — 16 mm, and y = 0.18 along with quasi-exponential softening 
function is taken into account for the present investigation. For standard TPBT, CT, 
and FPBT specimens with B — 100 mm having size range D — 100 — 600 mm, the 
finite element analysis is carried out for which half of the specimens are discretized 
due to symmetry as shown in Fig. 4.25 and 80 numbers of equal isoparametric 
plane elements are considered along the dimension D. The same quasi-exponential 
softening function is employed for determining the double-ZT fracture parameters. 
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(a) Finite element mesli for half of tiie TPBT specimen 

P/2 




(b) Finite element mesh for half of 
the CT specimen 



(c) Finite element discretization for half of FPBT specimen 
Fig. 4.25 Finite element discretization of TPBT, CT, and FPBT specimens 



For the precise numerical investigation, the effect of self-weight in TPBT and 
FPBT geometries can be accounted for at all computational stages, whereas this 
effect cannot be obviously considered for the CT specimen. In the TPBT and FPBT 
specimens, the input data are gained using the developed FCM, which accounts for 
the effect of self-weight of the beam. Therefore, the FCM yields the external load 
P without inclusion of the self-weight, whereas the CMOD consists of the contri- 
bution of the self-weight. Hence, in addition to the external load P acting on the 
TPBT and FPBT, the influence due to a concentrated load equal to Wg.S/2 and act- 
ing at the midspan, is also effective during all stages of computations. For FPBT, 
Eq. (4.41) is employed to obtain SIF. This yields precise comparison amongst the 
fracture parameters between the two specimen geometries (TPBT and CT) and the 
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two loading conditions (TPBT and FPBT) considered in the study. In addition, the 
value of P in Eq. (4.22) is modified as (P + wg.S/2) during the computations of 
effective crack extension in the case of TPBT. A similar contribution in the CMOD 
due to TPBT action for the self-weight effect is also taken into account while calcu- 
lating the equivalent effective crack extension in the case of FPBT specimen. Hence 
considering the effect of self-weight of the beam, the total CMOD for the FPBT 
specimen can be written as 

CMOD = -^ [4PLV,(P) + w.S^Vjm] (4.92) 

in which Vi{fi) and VjiP) are obtained using Eqs. (4.23) and (4.29), respectively. 
Two well-known relations of FCM, i.e., /ch — EG-p/f^ and the critical value of stress 
intensity factor Kq — ^(GfE) are also used in the numerical comparison. 



4.9.2 Comparison Between Methods of Determination for DKFM 

The P-CMOD and P-COD curves, for Oo/D ratio ranging 0.15-0.80 and D = 
200 mm obtained using FCM for the TPBT and CT specimen geometries, are pre- 
sented in Figs. 4.26 and 4.27, respectively. Further, the double-^ fracture parameters 
are computed using the analytical method, simplified approach, and weight function 
approach having four and five terms. A trial-and-error method is used for calculation 
of Qc for the analytical method and weight function approach for all the three types 
of specimens. The direct empirical equations are used to determine the value of a^ 
for simplified approach for the TPBT and CT specimen geometries. 

For systematic comparison, the dimensionless numerical results are plotted in 
Figs. 4.28, 4.29, 4.30, 4.31, and 4.32. 



The nondimensional parameter Kq/K"^ determined using LEFM equations and 
simplified empirical equations for the TPBT and CT specimen geometries having 
D — 200 mm is plotted with ao/D ratio in Fig. 4.28. Up to Oo/D — 0.75 the max- 
imum difference in the results of K"^ between simplified approach and analytical 
method for TPBT geometry is 3.25% and it is slightly more at ao/D — 0.8, 
that is, 5.34%. This difference calculated on the mean values of K"^ at differ- 
ent ao/D ratios is 0.13%. For CT test specimen, this maximum difference up to 
ao/D — 0.80 is 0.31% and the difference obtained on the mean values of ^fj? 
is 0.26%. It is also seen from the figure that results are not greatly affected by 
the shape of the specimen. The value of K^^ remains almost constant up to ao/D 
ratio of 0.6 and beyond this, a marginal decrease is observed for both the speci- 
men geometries. The difference in the average values of /("jj? between these two 
geometries is about 1.76%. 
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Fig. 4.26 P-CMOD curves for TPBT specimen having D = 200 mm 

• The comparison of nondimensional values Kq/K'^q with Gq/D ratio obtained 
using various methods for TPBT specimen D — 200 mm is shown in 
Fig. 4.29. WF4 and WF5 represent the values obtained using four-term and 
five-term weight function approach, respectively, in the figure. The varia- 
tion of Kc/K^Q is similar to that of Kc/K^f^ with respect to Uo/D ratios. 
The comparison of results obtained using weight function and simplified 
approach is made with regard to that determined using standard analyti- 
cal method. It is observed that simplified approach yields relatively more 
difference at higher a^/D ratios. However, the percentage difference in 
the average values of A"^ obtained using weight function with four-term, 
five-term, and simplified approach for specimen size 200 mm is 0.85, 0.07, and 
0.78%, respectively. These differences in calculated values of ^j^' are 1.62, 0.13, 
and 1 .86%, respectively, as seen from Fig. 4.30. A similar pattern can be observed 
in Figs. 4.31 and 4.32 for the CT test specimen with D — 200 mm. It is found 
from Fig. 4.31 that the percentage difference in mean values of /("{^ using weight 
function with four-term, five-term, and simplified approach as compared with 
analytical method is 0.89, 0.07, and 0.78%, respectively. In addition, these differ- 
ences in the mean values of K^ using weight function with four-term, five-term, 
and simplified approach (from Fig. 4.32) are found to be 1.61, 0.13, and 1.52%, 
respectively. 
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Fig. 4.27 P-COD curves for CT specimen having D = 200 mm 
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Fig. 4.28 Variation of K^^ obtained using LEFM equations and simplified empirical equations for 
TPBT and CT specimen geometries, D = 200 mm 
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Fig. 4.32 Variation of K'^ obtained using analytical method, weight function approach, and 
simplified approach for CT specimen, D = 200 mm 

4.9.3 Influence of Specimen Geometry 



For this investigation, the gained fracture parameters for TPBT and CT specimen 
geometries are plotted in dimensionless forms in Figs. 4.33, 4.34, 4.35, and 4.36. 
The following observations can be made from these figures: 
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Fig. 4.34 Effect of specimen geometries on K^^ for different specimen sizes 
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Fig. 4.36 Effect of specimen geometries on Kl^ for different specimen sizes 
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• Figure 4.33 presents the effect of specimen geometry on numerical results of K^ 
for D — 200 mm. The value of K^ was obtained using weight function method 
with five terms. It is seen that almost a constant value of cohesion toughness can 
be obtained up to Oq/D — 0.6 and between ao/D values of 0.6-0.8, a marginal 
decrease in the value of cohesion toughness is observed. The percentage differ- 
ence in average values ofK^^ for TPBT and CT test specimen geometries is about 
2.12%. 

• The values of K^^, K^, and /Tj" are calculated using five-term weight func- 
tion approach at sizes ranging 100-600 mm for TPBT and CT test specimen 
geometries for ac/D ratios 0.3-0.5. Variations of nondimensional parameters 
Kc/K^Q, Kc/K^ and Kq/K^^ with Ich/D for both the specimen shapes are 
plotted in Figs. 4.34, 4.35 and 4.36, respectively. Legends in these figures are 
denoted by the type of specimen geometry and Oo/D ratio (such as TPBT-0.3 
in Fig. 4.34). It is observed from the figures that values of fracture parameters 
are marginally dependent on geometrical parameter {oo/D ratio) and the type of 
specimen geometries. Both the parameters K^^ and K^ increase with increase 
in specimen size, whereas the values of K^^ are relatively less dependent on the 
sizes ranging 100-400 mm; however, beyond the size range 400 mm, a decrease 
in the value of K^^ is observed. Neglecting the effect of Oo/D ratio, the mean 
values of K^^, K^ and K^^ for TPBT and CT test specimens of size range 
lOQ < D < 600 mm are computed and it is found that the values of K™ for 
CT specimen are less than those for TPBT specimen by about 2.99, 1.69, 1.20 
and 1.16% for sizes 100, 200, 400 and 600 mm, respectively. The values of cohe- 
sion toughness determined show that the values of K^ for CT specimen are less 
than those for TPBT geometry by about 4.59, 4.43, 5.01 and 5.82% for specimen 
sizes 100, 200, 400 and 600 mm, respectively. Consequently the average values 
of /sT™ determined as such for TPBT geometry are less than those for CT spec- 
imen by nearly 0, 3.33, 6.55 and 9.63% for specimen sizes 100, 200, 400 and 
600 mm, respectively. 

• The variation of CTODc at the onset of unstable crack propagation in nondimen- 
sional form (/ch/CTODc) with Oo/D ratio is plotted for different specimen shapes 
and sizes (100 and 400 mm) as shown in Fig. 4.37. The legend in the figure 
shows the type of specimen geometry and its size in millimeters. From Fig. 4.37 
it observed that the CTODc varies with the size and shape of the test specimens. 
Xu and Reinhardt (1999b) concluded a similar observation based on the experi- 
mental tests (Refai and Swartz 1987) that the evaluated CTODc seems to be size 
dependent. 

4.9.4 Influence of Loading Condition 

The gained values of K'^^, /^^ and K^^ using five-term weight function approach at 
different specimen sizes ranging 100-600 mm for TPBT and FPBT loading condi- 
tions for Oo/D ratios 0.3-0.5 are plotted in Figs. 4.38, 4.39, and 4.40, respectively. 
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Fig. 4.37 Variation of CTODc for TPBT and CT specimen geometries for D = 100 and 400 mm 
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Fig. 4.38 Effect of loading condition on K"q for different specimen sizes 
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Fig. 4.39 Effect of loading condition on k9^ for different specimen sizes 
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Fig. 4.40 Effect of loading condition on Kl^ for different specimen sizes 



1 . It is observed from the figures that values of fracture parameters are marginally 
dependent on geometrical parameter {ac/D ratio) and the types of loading con- 
ditions. Similar to the previous investigation, the mean values of K'^^, K^, and 
/Tj™ for TPBT and FPBT specimens are computed neglecting the effect of Oq/D 
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ratio. It is found that the absolute difference in the values of /TJJ? between the two 
loading conditions is about 1.36, 2.53, 1.30, and 0.03% for sizes 100, 200, 400, 
and 600 mm, respectively. The values of cohesion toughness determined show 
that the absolute difference in the values of K^ for these loading conditions is 
about 1.09, 3.57, 2.46, and 0.62% for specimen sizes 100, 200, 400, and 600 mm, 
respectively. Consequently, the average values of /T™ determined as such for the 
two loading conditions are differed by nearly 1.65, 0.51, 1.28, and 1.69% for 
specimen sizes 100, 200, 400, and 600 mm, respectively. 



4.9.5 Influence of Softening Function 

It is clear that the cohesive stress distribution is not involved in computation of 
/Tj™ of double- A" fracture criterion; hence these values are unaffected by the choice 
of the softening functions of concrete. Also, it has been reported that the influ- 
ence of shapes of softening relations on the calculation of the cohesion toughness 
is not observable (Xu and Reinhardt 1999b). In the present study, some of the 
commonly used softening functions such as Petersson's (1981) bilinear, Wittmann 
et al.'s (1988) bilinear, modified bilinear (Xu and Reinhardt 1999b), nonlinear soft- 
ening functions (Reinhardt et al. 1986), and quasi-exponential (Planas and Elices 
1990) are employed to obtain the ^j*^ and K^^ for the TPBT specimen at Aq/D 
ratio 0.3 and size range 100-600 mm. The nondimensional forms of the gained 
results of K^ and K^^ are plotted in Figs. 4.41 and 4.42, respectively, which show 
that these fracture parameters are somewhat influenced by the softening function of 
concrete. 
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Fig. 4.41 Effect of softening function on K^ for different specimen sizes for TPBT 
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Fig. 4.42 Effect of softening function on ATjJ!.' for different specimen sizes for TPBT 

4.10 Equivalence Between Double-/«r and Double-G Fracture 
Parameters 

The objective of this study is to present influence of specimen geometry and 
size effect on the double-G fracture parameters and double-A" fracture parameters 
and also to investigate the equivalence relationship between the double-G fracture 
criterion and the double-ZT fracture model using numerically obtained input data. 
Influence of softening function on both the fracture criteria is also reported. For 
precise comparative study between the two fracture criteria, numerical method has 
been chosen to obtain the required input data so that no discrepancy can occur due to 
shape, size, and geometrical parameter of test specimens for a given set of material 
properties. 



4.10.1 Material Properties 

The same concrete mix with material properties /t = 3.21 MPa, E — 3Q GPa, Gp = 
103 N/m, and v — 0.18 along with nonlinear softening relation having ci — "i and 
C2 = 7 is considered for this study. This results in the value of Wc = 167.2 \iva after 
satisfying Eq. (3.37). With constant specimen thickness, B — 100mm, and variable 
size range 100 < Z) < 500 mm, the P-CMOD curves or P-COD curves for Qq/D ratio 
ranging 0.3-0.4 are obtained using the FCM (Fig. 4.25) for standard TPBT and CT 
test geometries. These curves are presented in Figs. 4.43 and 4.44. The symbols D\ , 
D2, Dt,, Da,, and D5 in the figures con^espond to the specimen sizes of 100, 200, 300, 
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Fig. 4.43 Tlie P-CMOD curves for TPBT specimen geometry 
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Fig. 4.44 Tlie P-COD curves for CT test specimen geometry 



400, and 500 mm, respectively. The legends of the figures are denoted by the type of 
specimen geometry, specimen size, and the Uq/D ratio. For example, TPBT-Dl-0.3 
in Fig. 4.43 denotes the TPBT of D = 100mm and ao/D = 0.3. 

The effect of self-weight in TPBT is accounted for in the same manner as dis- 
cussed earlier. The weight function method with five terms is used to calculate 
double- A" fracture parameters. The modified bilinear softening function (Xu and 
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Reinhardt 1999b) is used to obtain the double-A" and double-G fracture parameters. 
Assuming the maximum size of coarse aggregate d^ to be 16 mm for the considered 
concrete mix, the values of ap and Wc are determined for the given values of lia 
and Gp- The value of cTs is then obtained using Eq. (3.32) and finally the bilinear 
softening function is completely characterized using Eq. (3.26). To determine the 
double-G fracture criterion, first of all the value G"^ is computed using Eqs. (4.66) 
and (4.69) for TPBT and CT specimen, respectively, for the given value of Pu and 
the corresponding computed value of Oq. The Gauss-Legendre numerical integra- 
tion technique is adopted in the computer program for determining the value of Gf^. 
Finally, the value of GJ^' is evaluated using Eq. (4.75) for both the test configura- 
tions. The effective initiation fracture toughness A"}" and effective unstable fracture 
toughness K™ are determined using Eq. (4.76) and reported in the subsequent study. 
The following investigations are carried out from the gained results. 



4.10.2 Effect of Specimen Geometry on Double-K Fracture 
Parameters 

The material fracture parameters K™ and IC^ for the considered specimen geome- 
tries of size range 100-500 mm are graphically presented in nondimensional forms 
Kc/K^C ^^'^ ^c/^jc i" Figs- 4-45 and 4.46, respectively. 

• It is observed from the figures that the parameter K"^ increases with increase in 
specimen size, whereas the value of A'j" shows reverse trend. However, the value 
of /Tj" is relatively less dependent on the size ranging 100-300 mm as seen from 
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Fig. 4.45 The size-effect curves for K^^ on TPBT and CT test specimens 
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Fig. 4.46 Tlie size-effect curves for KJ™ on TPBT and CT test specimens 



Figs. 4.45 and 4.46 and beyond the size range 300 mm; a sharp decrease in the 
value of K^Q is observed. 

Neglecting the effect ofoo/D ratio, the mean values of K'^^ and K^^ for TPBT and 
CT specimens of size range 100 < D < 500 mm are computed. It is found that 
the values of K^^ for compact tension specimen are less than those for three-point 
bending specimen by about 2.05, 1.28, 1.15, 1.22, and 1.27% for specimen sizes 
100, 200, 300, 400, and 500 mm, respectively. 

On the other hand, the average values of ^j^' determined as such for TPBT are 
less than those for CT specimen by nearly 2.04, 2.66, 7.22, and 7.19% for spec- 
imen sizes 200, 300, 400, and 500 mm, respectively, excepting the specimen 
size of 100 mm for which the value of K^ is almost the same for both the test 
geometries. 

The relationship between fracture parameters of douhXs-K fracture model is 
shown in Fig. 4.47 for the size range considered in the study. It is seen from 
the figure that the ratio of K'^^IIC^ is dependent on geometrical parameter {ao/D 
ratio), specimen size, and specimen geometry. If the effect of Uq/D ratio is 
neglected, the mean values of K'^^IK^ for three-point bending test are found 
to be 2.25, 2.54, 2.74, 3.0, and 3.30 and the same for compact tension specimen 
are 2.21, 2.45, 2.55, 2.75, and 3.03 for the specimen sizes 100, 200, 300, 400, 
and 500 mm, respectively. 

In the present case, result obtained using different combination of softening 
functions - nonlinear softening used in the cohesive crack model and bilin- 
ear softening used in determining double-ZT fracture criterion - is found to be 
consistent with those presented earlier. 



4.10 Equivalence Between Double-A' and Double-G Fracture Parameters 



181 



3.5 






2.5 




TPBT-0.3 
TPBT-0.4 

03 

0.4 



0.5 



1.5 2 



2,5 



3.5 



Fig. 4.47 Relationship between the parameters ATJ™ and ATj™ 

4.10.3 Effect of Specimen Geometry on Double-G Fracture 
Parameters 



Influence of specimen geometry and size effect on the effective unstable fracture 
toughness K"^ and effective initiation fracture toughness IC^ of double-G fracture 
criterion is shown in Figs. 4.48 and 4.49, respectively. It is interesting to notice 
from the figures that similar to the double-A" fracture parameters, the parameters of 
double-G fracture model are in general dependent on geometrical parameter {uc/D 
ratio), specimen size, and specimen geometry. The effective unstable fracture tough- 
ness K™ increases with increase in specimen size, while the value of the effective 

initiation fracture toughness K^ decreases with the increase in specimen size. 

• Similar to the previous study carried out on the double-ZT fracture parameters, 
the influence of specimen geometry on double-G fracture parameters may be 
observed for a particular specimen size if the fracture parameters are assumed to 
be independent on Uo/D ratio. Hence after neglecting the effect of Uo/D ratio, 
the mean values of K^^ and K'^ for TPBT and CT specimens of size range 
100 < D < 500 mm are evaluated. It is observed that the values of K"^ for 
compact tension specimen are found to be more than those obtained for three- 
point bending geometry by about 0.79, 1.96, 2.43, 2.55, and 2.61% for specimen 
sizes 100, 200, 300, 400, and 500 mm, respectively. 

• Further, the mean values of K^™ for CT geometry are less than those determined 
for TPBT by approximately 8.17, 9.03, 8.90, 8.84, and 8.57% for specimen sizes 
100, 200, 300, 400, and 500 mm, respectively. 
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Fig. 4.48 Tlie size-effect curves for Kiq on TPBT and CT test specimens 
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Fig. 4.49 The size-effect curves for K"^ on TPBT and CT test specimens 



Further, the relationship between fracture parameters of double-G fracture crite- 
rion is presented in Fig. 4.50 for the size range 100 < D < 500 mm. It is seen 

from the figure that the ratio of K™/K^ is dependent on geometrical parameter 
{Uq/D ratio), specimen size, and specimen geometry. Neglecting the influence of 

flo/D ratio, the mean values of K^/K™ for TPBT are found to be 1.94, 2.22, 
2.42, 2.68, and 2.98 and those for CT specimens are 2.13, 2.48, 2.72, 3.01, and 
3.35 for the specimen sizes 100, 200, 300, 400, and 500 mm, respectively. 
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Fig. 4.50 Relationship between the parameters K^^/K^ 



4.10.4 Equivalence Between Double-K and Double-G Fracture 
Parameters 

The interaction between the double-^ fracture criterion and the double-G fracture 
model is shown graphically in Figs. 4.51 and 4.52. The figures present variation of 
the parameters K'^^IK'^^ and ^j^VA"}" with Ich/D ratio. It is seen from the figures 
that both the fracture models - the double-ZT fracture model based on the stress 
intensity factor approach and double-G fracture model based on energy release rate 
approach - are equivalent to each other. From the numerical study, the following 
observations are made: 



It is observed that the ratios of ^™//r™ and IC^/IC^ are dependent on geomet- 
rical parameter {uo/D ratio), specimen size, and specimen geometry. However, if 
the effect of Uo/D ratio is neglected, it seen that the mean values of K'^^IK"^ for 
three-point bending specimens are gained to be 1.033, 1.035, 1.037, 1.038, and 
1.038 and the values obtained for compact tension specimens are 1.004, 1.002, 
1.0, 0.999, and 0.998 for the specimen sizes 100, 200, 300, 400, and 500 mm, 
respectively. 

Similarly, the mean values of K^/IC^ for three-point bending geometry are cal- 
culated as 0.892, 0.904, 0.917, 0.926, and 0.937 and those for compact tension 
specimens are 0.970, 1.015, 1.0673, 1.095, and 1.105 for the specimen sizes 100, 
200, 300, 400, and 500 mm, respectively. 

Based on experimental results of Xu and Zhang (2008), the relationship between 
fracture parameters of do\\h\e,-K fracture model and double-G fracture model is 
shown in Figs. 4.53 and 4.54. It is observed from test results of three-point bend- 
ing geometry of size range 150-500 mm (Fig. 4.53) that the values of K^/K^ 
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vary from 0.858 to 0.963, while the values of K"^/K"^ are very close to 1.0. 
From experimental results of wedge splitting test of size range 200-1000 mm 

(Fig. 4.54), it is noticed that the values of both Kl^/K'^ and K'^^/K^ are very 
close to 1.0. 
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4.10.5 Influence of Softening Function on the Double-K 
and Double-G Fracture Parameters 



The nonlinear softening function of concrete as mentioned in the previous sec- 
tions is further taken up for the calculation of double-ZT fracture parameters and 
the double-G fracture parameters considering TPBT geometry. This study shows 
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the comparison between the fracture parameters obtained using nonlinear and bilin- 
ear softening relations. It is noted that the cohesive stress distribution is not involved 
in the computation of unstable fracture toughness of double-^ fracture criterion or 
unstable fracture energy release rate of double-G fracture model and hence these 
values are unaffected by the choice of the softening functions of concrete. The 
following observations are made from the analysis of the results: 

• In the modified bilinear softening function, an important assumption is made 
between the two parameters: critical value of crack- tip opening displacement and 
abscissa of kink point of bilinear softening. According to this assumption the 
value of CTODc is equal to the value of Ws which results in relatively lower 
value of stress level at the initial crack tip than the stress level caused by the 
nonlinear softening function. Therefore, the value of cohesive toughness in the 
case of double-/r fracture model or the critical value of cohesive breaking energy 
in the case of double-G fracture criterion is relatively less when bilinear softening 
function is used in the computation. This results in relatively higher value of 
the initiation toughness of double-A' fracture parameters or effective initiation 
toughness of double-G fracture parameters. 

• The influence of the softening function on the initiation toughness of double-A" 
fracture model is shown in Fig. 4.55. It is observed from the figure that the value 
crack initiation toughness is influenced by the choice of the softening relation 
particularly between the bilinear softening function with the condition CTODc — 
Ws and the nonlinear softening function. 

• Neglecting the effect of Oq/D ratio in calculation, the values of initiation tough- 
ness using nonlinear softening are found to be less than those obtained using 
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bilinear softening by nearly 22.27, 19.94, 19.17, 19.37, and 20.40% for the 
specimen sizes 100, 200, 300, 400, and 500 mm, respectively. 
Figure 4.56 shows the dependency of effective crack initiation toughness of 
double-G fracture parameters on the type of softening function used in compu- 
tation. It is observed from the figure that the value of critical cohesive energy 
release is significantly influenced by softening function. At higher depth, i.e., 
D — 500 mm, the result of effective crack initiation toughness determined using 
either bilinear or nonlinear softening function is almost the same. On the other 
hand, as compared with the initiation toughness, an opposite trend in the value 
of effective crack initiation toughness is observed for lower specimen size range 
between 400 and 100 mm. 

The size effect on the value of effective crack initiation toughness is relatively 
more pronounced when the nonlinear softening function is used. The approxi- 
mate difference in the calculated values of effective crack initiation toughness 
between the use of bilinear softening and nonlinear softening is found to be 
approximately 4.33% for D = 500mm and 59.18% for D = 100mm. With 
nonlinear softening function, the value of effective crack initiation toughness for 
specimen size 100 mm becomes approximately half of that for specimen size 
500 mm. In this case, particularly the assumption made while defining the bilinear 
softening function seems to be more crucial. 
Effect of softening function on the relationship between the double-A" fracture 

model and double-G fracture model in terms of K^^/K^^ ratio is presented in 
Fig. 4.57. It is seen that both the fracture models are equivalent to each other 
in case bilinear softening function of concrete is taken in calculation. On the 
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Other hand, this equivalency is violated if the nonlinear softening is used. After 

neglecting the effect of Oo/D ratio, it is found that the mean values of K\™/K^f^ 
for three-point bending geometry vary approximately from 0.78 to 1.71 for the 
specimen size ranging from 500 to 100 mm. 



4.11 Closing Remarks 

The following salient observations can be made from the investigation carried out 
in the present chapter: 



• An analytical method and a simplified approach are available in the literature 
for determining the double-TT fracture parameters. While determining cohesive 
toughness using the existing analytical method, the solution is done by using 
numerical integration technique, which requires special treatment because of 
singularity problem at integral boundary; the simplified approach provides accu- 
rate results within acceptable error which employs a correction factor based on 
empirical relations used in the expression of cohesive toughness. The method 
introduced in the present work for determination of cohesive toughness using 
universal weight function may provide a viable solution in closed-form equa- 
tions. Within the premises of three-point bending test results (Refai and Swartz 
1987), as compared with the existing analytical method, the values of double- 
K fracture parameters can be evaluated with less than 2% error using four-term 
universal weight function, whereas almost the same results can be obtained using 
the five terms of the universal weight function. The use of simple forms of weight 
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functions will facilitate a closed- form accurate solution in the analysis of fracture 
process of concrete structures. 

• Trial-and-error or some specialized numerical technique for determining the 
value of effective crack extension is required in analytical method and weight 
function approach, while a direct calculation can be done using empirical 
relations in simplified approach. The double-A" fracture criterion for crack prop- 
agation requires only unstable fracture load (peak load) and corresponding crack 
opening displacement, thus avoiding the use of closed-loop testing system. 
Therefore, applying the input data obtained using fictitious crack model, com- 
prehensive comparison of numerical results of double-^ fracture parameters can 
be made. 

• Calculation of fracture parameters A"}" and K"^ from the test results of wedge 
splitting test reported in Xu et al. (2006) showed that these values are not signifi- 
cantly affected by the initial notch length. Since the double-^ fracture parameters 
can capture the important stages of concrete fracture, it is possible to define a 
new nondimensional brittleness parameter using double-Zir fracture parameters. 
However, this definition needs to be further investigated. 

• From precise numerical study, it can be summarized that double-A" fractiu^e 
parameters are influenced by many factors such as geometrical parameter, spec- 
imen geometry, loading condition, and size effect. The influence of ao/D ratio, 
shape of test specimen, and type of loading condition is relatively less than the 
size effect on the values of fracture parameters. 

• From the comparison it is observed that up to Oo/D ratio 0.75, the maximum dif- 
ference in the results of K^'^ between simplified approach and analytical method 
for TPBT geometry is 3.25% and it is slightly more at Qq/D ratio 0.8, that is, 
5.34%. For CT test specimen this maximum difference up to a^/D ratio 0.80 is 
0.31% and the difference obtained on the mean values of Z^™ is 0.26%. On an 
average, the percentage difference in the ^j^ for TPBT or CT specimen obtained 
using weight function with four terms, five terms, and simplified approach for 
specimen size 200 mm is about 1, 0.1, and 1%, respectively. These differences 
in calculated values of K^^ are about 2, 0.2, and 2%, respectively. From various 
numerical studies, it is observed that as compared to analytical method, the error 
range in determining the double-A" fracture parameters using simplified approach 
and weight function approach with four terms is comparable. 

• Further, it is noticed that less than about 3, 6, and 10% difference in results 
of unstable fracture toughness, cohesion toughness, and crack initiation tough- 
ness can be obtained between the TPBT and CT test specimen geometries for 
specimen size ranging 100-600 mm and Oo/D ratios 0.3-0.5. 

• From the investigation of the effect of loading condition on the double-A" fracture 
parameters, it is observed that less than about 3, 4, and 2% difference in results of 
unstable fracture toughness, cohesion toughness, and crack initiation toughness 
can be obtained between the TPBT and FPBT loading conditions for specimen 
size range 100-600 mm and ao/D ratios 0.3-0.5. 

• The fracture parameters such as K^ and K^^ are somewhat influenced by the 
softening function of concrete. 
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• For the specimen size range 100 < D < 500 mm, the difference gained in the 
value of /sTj™ between compact tension and three-point bending test geometries is 
found to be approximately less than 3% and the difference gained in the value of 
A"}™ between the above test geometries is nearly less than 9%. 

• The ratio of the values K"qIK^ and K'^^/K^ is found to be approximately in 
the range of 2-3.5 depending upon the size and shape of the specimen and initial 
notch length/depth ratio. 

• The double-A" fracture parameters and the corresponding double-G fracture 
parameters are found almost equivalent to each other in the case when the frac- 
ture parameters are determined using bilinear softening function of concrete. This 
observation agrees well with that of experimental investigation presented by Xu 
and Zhang (2008). 

• Double-A" fracture parameters and double-G fracture parameters are influenced 
by the softening function of concrete with respect to the bilinear softening and 
the assumption that CTODc — Ws. The values of initiation toughness of double- 
K fracture criterion using nonlinear softening are less than those obtained using 
bilinear softening by nearly 20% for the size range 100 < Z) < 500. In contrast, 
the value of the effective initiation toughness of double-G fracture model is sig- 
nificantly influenced by the choice of softening function of concrete depending 
upon size of the specimen. 

• The predicted value of effective initiation toughness using nonlinear softening 
is less than that obtained using bilinear softening by approximately 5% for 
specimen size 500 mm and 60% for specimen size 100 mm. 
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Chapter 5 

Fracture Properties of Concrete Based on the ^r 

Curve Associated with Cohesive Stress 

Distribution 



5.1 Introduction 

This chapter is attributed to the previous works carried out by Kumar and Barai 
(2008a, b, 2009a-c, 2010) and Kumar (2010) in which mainly the application of 
weight function method is introduced to determine the K^ curve associated with 
the cohesive stress distribution in the FPZ. Experimental data (Roesler et al. 2007) 
available in the literature are used to validate the weight function approach for 
determining the K^ curve and the results are analyzed to study the instability 
criteria using the K^-cmve, method. Finally, the influence of specimen geometry, 
loading condition, size effect, and softening function of concrete on the K^ curve 
and the related fracture parameters is carried out for which the load-crack opening 
displacement curves are obtained using the PCM. 



5.2 The /iTR-Curve Method 

The A'R-curve method based on cohesive stress distribution in the FPZ introduced 
by Xu and Reinhardt (1998, 1999) and Reinhardt and Xu (1999) for complete frac- 
ture process description of concrete differs from the conventional method of the R 
curve. The distribution of cohesive stress along the FPZ at different stages of loading 
conditions is taken into account in order to evaluate the A'r curve. In addition, the 
double-A" fracture parameters are introduced in the stability analysis using the K^ 
curve. During crack propagation, the contribution of cohesive toughness increases 
with the increase in process zone length that depends upon cohesive stress distribu- 
tion a which is a function of crack opening displacement w, tensile strength of con- 
crete /t, and the propagating crack length a. At the onset of unstable crack propaga- 
tion, the stress intensity factor K at the tip of the propagating crack is expressed as 

K^K^{^a) (5.1) 

where ^R(Aa) is the crack extension resistance at crack extension length Aa — 
a — a^. Also, the crack extension resistance K^(Aa) can be expressed with the 
following relation: 
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in which 
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^R(Aa) = ^j^' + /<:f ™(Aa) (5.2) 



/:p™(Afl) = Fi (/t, cr, Afl) 



(5.3) 



The instability of a propagating crack in cracked solid structures can be repre- 
sented using the ^r curve as shown in Fig. 5.1, in which the value K{Pu, Ac) is 
the stress intensity factor at the maximum load /"u corresponding to critical effec- 
tive crack extension Oc and A"^ is the total crack extension resistance at the point 
of tangency between K and Kn curves corresponding to the onset of unstable crack 
propagation. The fracture criterion using K^ curve can be mathematically expressed 
by Eq. (2.3). Xu and Reinhardt (1999) observed from experiments that the values 
of K^^ determined by the ^r curve are equal to the values of K'^^ and the values of 
the initial cracking parts on the A'r curves are equal to those of K^^. As a result, 
the double-A" fracture parameters are used to describe the stability of a propagating 
crack in complete fracture process. Hence comparing the K curve and A'r curve, the 
stability analysis of crack propagation for the mode I condition can be expressed as 
given below: 



Ki < K^ No crack propagation appears 
Ki — KIq The crack starts to propagate steadily 
Kl^ < Ki < K^Q The crack propagates steadily 



(5.4) 



Ki — /Tj™ Critical unstable crack propagation begins 



Fig. 5.1 Graphical 
representation of the A'r 



K-curve 



K(P„. aj 




a„a^ 
Crack length, a 
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(a) Initial notch length 



(b) Critical crack extension 
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^wc 








(c) Fully developed fictitious crack zone (d) Formation of new stress-free crack length 
Fig. 5.2 Four stages of crack propagation during the fracture process 
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The crack propagates unsteadily 



In order to develop the ^r curve for complete fracture process considering the 
cohesive stress in fictitious fracture zone, it becomes important to determine the 
value of cohesive toughness A'i*^°^ at every stage of loading on the structure. During 
the crack propagation, four different loading conditions are considered using three 
characteristic crack lengths (oo, a^, and Owc) as illustrated in Fig. 5.2. 

The figure shows the development of cohesive stress distribution during crack 
initiation and crack growth in fracture process of concrete. With the increase in 
the fictitious fracture zone from Fig. 5.2a-d, the undamaged length of the ligament 
Ka decreases. Figure 5.2a represents the first stage of loading in which the exter- 
nal loading on the structure is still less than Pini and the material ahead of the initial 
crack tip still behaves in a linear elastic manner. In this case, the stress near the crack 
tip tends to be singular and the classical form of linear elastic fracture mechanics 
is applicable. As the external loading is equal to the value of Pini, the stable crack 
begins to form. Further, when the load increases, the stable crack propagation begins 
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to occur and the cohesive stress will start acting across the new crack surfaces. At 
critical condition, the external load becomes equal to peak load P^, the crack open- 
ing displacement at the initial crack tip wt reaches to the value of critical value of 
crack-tip opening displacement CTODc and the total crack extension reaches to its 
critical value a^. This situation of loading stage is shown in Fig. 5.2b. In the subse- 
quent loading condition as shown in Fig. 5.2c, the crack extension crosses the value 
of flc and finally it reaches to the value of Qwc at which the value of Wt equals to 
critical value of crack opening displacement Wc- It means that the cohesive stress 
at the initial crack tip reduces to zero and a fully developed fracture process zone 
(flwc - «o) appears. This is an important phenomenon which is captured by the Kr 
curve similar to the nonlinear fracture models attributed to numerical methods. In 
the fourth stage of loading as shown in Fig. 5. 2d, when the crack extension a is 
more than a^c, a new stress-free crack is formed and the subsequent loading step 
results in the growth of stress-free crack propagation. From the foregoing discus- 
sion, it is clear that the ^r curve based on cohesive force has the ability to capture 
the mechanism of crack initiation and crack growth in the large fracture process 
zone of concrete. It is a known fact that the actual shape of the softening behavior in 
the fictitious fracture zone follows a nonlinear pattern. However, the bilinear soft- 
ening law is often used for all practical purposes in the case of normal concrete. Xu 
and Reinhardt (1998) reported that the shapes of the distribution of cohesive stress 
ahead of the crack tip were not sensitive to the overall value of stress intensity fac- 
tor at the crack tip and linear or bilinear shape of cohesive stress distribution was 
assumed depending upon the corresponding loading stages. This assumption might 
lead to simplification in numerical computations without affecting much on the final 
values of fracture parameters. Hence the linear stress distribution is considered for 
loading stage shown in Fig. 5.2b and the bilinear stress distribution is assumed for 
the loading stages shown in Fig. 5.2c, d. Moreover, the above assumption seems to 
be reasonable because in the second stage of loading (Fig. 5.2b), the process zone 
length is relatively small and mainly the initial portion of the softening branch is 
used. In other subsequent loading stages, the process zone length becomes larger in 
which a larger portion of the softening branch is utilized. 



5.3 Analytical Method for Evaluation of the K^ Curve 

The general expression for the crack extension resistance for complete fracture asso- 
ciated with cohesive stress distribution in the fictitious fracture zone for three-point 
bending test geometry (Xu and Reinhardt 1998, Reinhardt and Xu 1999) is given as 
below: 



u 

KT^(Aa) = Kl^ + [ -^cj{x)F (-, ^ dx (5.5) 
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in which F{x/a, a/D) is the Green's function given in Eq. (4.12). The crack extension 
resistance can be determined using Eq. (5.5) according to the situations arisen during 
crack propagation as shown in Fig. 5.2. In each stage of loading condition, the length 
of propagating crack, cohesive stress distribution and limits of integral equation 
(5.5) are different which can be outlined in the following four cases. 



5.3.1 Case 1: When a =ao 

In this loading stage, there is no advancement in the initial notch length and the 
body remains in elastic condition, subjected to small load (up to Pini) without any 
slow crack growth. Consequently, cohesive stress a{x) — and the crack growth 
resistance remains equal to initiation toughness of the material. The value ofKn{Aa) 
is written using Eq. (5.5) as 



^R(Afl) = K'^ 



(5.6) 



5.3.2 Case 2: When ao <ao < Uc 

During this stage of loading, the structure shows the stable slow crack extension 
until the effective crack extension Oc corresponding to the maximum load P^ is 
achieved. In the process zone, the cohesive force starts acting across the fictitious 
fracture zone resulting in the increase of crack extension resistance. At critical con- 
dition, the CTOD will be equal to the CTODc as shown in Fig. 5.3. During this 
loading condition, i.e., a^ < a < a^ or < CTOD < CTODc, the distribution of 
cohesive stress is approximated to be linear. The variation of cohesive stress along 
the fictitious fracture zone is expressed as 



ct(x) — CT(H't) - 



■Go 



[/t — cr(wt)], foroo < X < a 



(5.7) 



where a{wi) and wx are the values of cohesive stress and crack opening displacement 
at the tip of initial notch, respectively. The value of a{wt) is determined using 
softening function of concrete. In nonlinear fracture models attributed to numerical 



<y(x) \ 

a (w,) 
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7Tli 



Fig. 5.3 Distribution of cohesive stress in the fictitious fracture zone during crack extension, 
a„ < a < cir 
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methods, the fracture nodes in the process zone are very close and the softening law 
is compulsorily required to be used at these nodes to obtain the corresponding cohe- 
sive stresses. In contrast, according to the development of the A'R-curve method, 
only two values of cohesive stresses a(wt) or and as(CTODc) in the fictitious frac- 
ture zone are required to be determined. Any softening function such as bilinear, 
exponential, and nonlinear can be employed to gain the cohesive stresses. 



5.3.3 Case 3: When Uc <a < awe 

During this stage of loading, the applied load P, the value of CTOD, and the effec- 
tive crack length have increased more than the values of f u, CTODc, and critical 
effective crack extension a^, respectively. The cohesive stress distribution for this 
case takes a bilinear shape as shown in Fig. 5.4 and is written as below: 



cr(x): 



cri(x) = a(w,)- 



flo 



a — Aflc 
forflo < X < {a — Acic) 

(yiix) = as(CTODc) + — 

for {a — Aac) < x < a 



-K(CTODc)-a(w,)], 



Aflp 



(5.8) 



Aflr, 



i[/,-a,(CTODe)], 



The crack extension resistance can be obtained using Eq. (5.5) in which the limits 
of integration should be taken in two steps: Oq < x < (a — Aoc) for cohesive stress 
ai(x) and {a — Auc) < x < a for cohesive stress cr2(jc). The value of Green's function 
F{x/a,a/D) for a given effective crack extension is determined using Eq. (4.12). 



5.3.4 Case 4: When a > Uwc 

This situation arises for the loading condition corresponding to the descending por- 
tion of P-CMOD curve. At the effective crack extension Owc, the full shape of 
cohesive stress distribution is allowed to develop and beyond further extension in 




Fig. 5.4 Bilinear distribution of cohesive stress in the fictitious fracture zone during crack 
extension, a^ < a < ciwc 
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Fig. 5.5 Development of full bilinear cohesive stress in the fictitious fracture zone during new 
stress-free crack extension, a > Owc 



crack during loading, a new stress-free crack in front of the initial notch tip is 
formed. In this case, the stress distribution as shown in Fig. 5.5 is expressed with 
following relations: 



a(x) = 



G\ (x) = for flo < Jc < (a — Aawc + flo) 
X + flwc — a„ — a 



0-2 W : 



-as(CTODc), 



^wc Afl^^ CIq 

for (a-\- Gq — a^c) ^ ^ 'S {^ — A^c) 

a3(x) = a,(CTODe) + "^ ~ ". ^ ^''^ [/t - a,(CTODe)], 



(5.9) 



Aflc 



for (a — Aflc) < X < a 



Similar to case 3, the crack extension resistance for this case is also evaluated 
using Eqs. (5.5) and (4.12). 



5.4 Weight Function Approach for Evaluation of the K^ Curve 

5.4.1 Derivation of Closed-Form Expression for Cohesive 
Toughness 

For calculating the crack extension resistance, a generalized situation of linear stress 
distribution in the fictitious fracture zone as shown in Fig. 5.6 is considered. It is 
assumed that the cohesive stress acts between the crack length p and q for a total 
crack extension a. The magnitude of cohesive stress at the crack length p and q is 
Up and Og, respectively. Therefore, at any crack length value x, the distribution of 
cohesive stress is expressed in the following form: 



ct(x): 



q-p 



[cjq - Op], forp <x<q 



(5.10) 
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Fig. 5.6 Linear distribution of cohesive stress in the fictitious fracture zone during crack extension, 



Let Ci — Op and C2 = {oq — Op)/{q — p) in Eq. (5.10); the cohesion tough- 
ness due to Hnear cohesive stress distribution in fictitious fracture zone during crack 
propagation is computed using Eq. (4.1) in the following expression: 



f °"(Aa) = j 



AfO 



[Ci + Cjix — p)].m(x, a)dx 



(5.11) 



Using the four-term weight function expressed in Eq. (4.19), the value of 
/r™^(Aa) is derived with the help of Eq. (5.11) in a closed-form solution as given 
below: 



K^^^iAa) = kaCi 



ka C2 



M3 
~6~ 



2 (a^^^ - B^^A +Mi(A- B) 

- Wa^I^ - (3A - B) B^'A + —(A- Bf 

3(2-A)j(l-B)2-(l-A)2} 
-h6(l-A)(5-A)-h2J(l-fi)3-(l-A)3} 



(5.12) 
in which k = .f^, A=l-2andB=l-2. 

If five-term weight function is taken into account as expressed in Eq. (4.21), 
the value of K^'^^{Aa) is determined using Eq. (5.11) in a closed-form solution as 
expressed in Eq. (5.13): 
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K^^^iAa) = kaCi 



' 2 (a1/2 _ Bi/2) + Ml (A - 5) + ^ (a3/2 - 53/2^ 



t(^^ 



B' 



2M4 



) + f|:i(A5/2_B5/2^) 



+ ka C2 



M3 
~6~ 



- [243/2 _ (.3^ _ ^^ gl/2 _^ _L(^ _ 5)2 

+ — ^ [53/2 (35 _ 5A) + 2A^/2l 

3(2-A) j(l-B)2-(l-A)2}+6(l-A)(B-A) 
+ 2J(1-B)3-(1-A)3} 



2M4 
^5" 



[fi^/^ (5B - 7A) + 2A^/2l 



(5.13) 



where k. A, and B are the same values as mentioned in Eq. (5.12). The weight func- 
tion approach presented herein is an alternative method for the evaluation of crack 
extension resistance based on cohesive stress distribution. Instead of using the ana- 
lytical method currently available in the literature, the authors make use of weight 
function that does not require specialized numerical integration techniques to obtain 
the ^R curve. In Chap. 4, (see Sect. 4.3) a similar use of the weight function was 
presented by the authors to obtain the fracture parameters of double-ZiT fracture cri- 
terion in which the closed-form expressions for cohesive toughness were derived 
for trapezoidal distribution of cohesive stress in the fictitious fracture zone and 
those could not be applicable to the bilinear variation of cohesive stress. Equations 
(5.12) and (5.13) are derived in a more generalized manner and they are differ- 
ent from those presented previously. More appropriately, the equations presented in 
Chap. 4 are the special cases of Eqs. (5.12) and (5.13) and are applicable only to lin- 
ear variation of cohesive stress acting in the whole length of process zone (a — Aq)- 
On the other hand, Eqs. (5.12) and (5.13) are applicable to linear and bilinear distri- 
bution of cohesive stresses acting in the partial or whole length of the process zone 
which are essential requirements for determining the crack extension resistance. 

According to the four stages of crack propagation, the crack extension resistance 
due to cohesive toughness can be determined using either Eq. (5.12) or (5.13). In 
each stage of propagating crack, length of crack extension a, cohesive stress distri- 
bution, i.e., constants Ci and C2, and the range of process zone in which the cohesive 
stress acts along the crack line (the values of p and q) in Eq. (5.12) or (5.13) will be 
different. These are briefly stated in the following cases. 



5.4.2 Case 1: When a = Uo 

Since cohesive stress distribution a(x) — 0, there is no contribution of cohesive 
toughness in the total crack growth resistance and it remains equal to the value of 

J^ini 



202 5 Fracture Properties of Concrete Based on the A'r Curve 

5.4.3 Case 2: When Ug <a <ac 

For this condition (aq < fl < flc or < CTOD < CTODc) of loading, the cohesive 
stress distribution is represented in Eq. (5.7). Referring to Fig. 5.3, the value of 
/r™^(Aa) is written as 

a 
/i:,™"(Afl)= j a{x).m{x,a)Ax (5.14) 



oo 



Equation (5.14) can be directly evaluated using Eq. (5.12) or (5.13) in which 
C\ — cr(wt), C2 — (ft — cr(wt)) / {a — Aq) , P — Oo, and q — a. 



5.4.4 Case 3: When Uc <a < a^c 

For this condition of crack propagation (Fig. 5.4), the cohesive stress distribution 
takes a bilinear shape as expressed in Eq. (5.8). Two parts of cohesive toughness due 
to stress distribution ai (x) and a2{x) are calculated separately and added together for 
total contribution of cohesion toughness such as 

a—Aac a 

Ki^^(Aa)— / (Ji(x).m(x,a)dx+ / a2(x).m(x,a)dx (5.15) 

ao a—Aa^ 

Equation (5.15) is evaluated using either Eq. (5.12) or (5.13) in which 
Ci = cr(wt), Cj = [cts(CTODc) — cr(H't)] I (a — Aoc — Go) , P — ao, and q — 
{a — Aflc) associated with cohesive stress cri(x), whereas these values associated 
with cohesive stress a2{x) are Ci — as(CTODc), C2 — [ft — crs(CTODc)]/ Aac, P = 
(a — Aflc), and q — a. 



5.4.5 Case 4: When a > awe 

This case of loading condition is shown in Fig. 5.5 and the cohesive stress distribu- 
tion is expressed through relation (5.9). Contribution of cohesive toughness in the 
crack extension resistance is expressed as 

/«:f™(Afl)= / ai(x).m(x,a)dx 

+ / a2(x).m(x,a)dx + f aT,(x).m(x,a)dx 
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In this case, depending upon the number of terms in the weight function, the 
cohesion toughness is calculated in three parts using Eq. (5.12) or (5.13). There 
are the three corresponding stress distribution such as ai(.T), cr2(x), and diix). 
Since <T[{x) — 0, the contribution of toughness due to the cohesive stress 
(Ti(x) = 0. For cohesive stress (T2(x), the values of C[ — 0, C2 — as(CTODc)/ 
(flwc — Aflc — Co) , P — {a+ao — civ/c), and q — (a— Aqq) are taken in Eq. (5.12) or 
(5.13), whereas those values for cohesive stress CT3(x) are Ci — CTi(CTODc), C2 — 
[ft - crs(CTODc)]/Aflc, P ^ (a- Aac), and q ^ a. Once the value of /«:f™(Aa) 
is evaluated using either Eq. (5.12) or (5.13), the crack extension resistance Kn{Aa) 
can be computed with the help of Eq. (5.2). 



5.5 Computation and Validation of the ^r Curve 

The following steps are followed to compute the /Tr curve: 

1 . Effective crack extension is determined employing linear asymptotic superposi- 
tion assumption and using the LEFM formulae for a particular type of specimen 
geometry as mentioned in Chap. 4 (see Sects. 4.4 and 4.5). 

2. SIF for a particular geometry of the specimen is obtained using the LEFM 
formulae. 

3. Compute the K^ as mentioned in Chap. 4 (see Sect. 4.5.4) for which 
crack opening displacement along the fictitious crack line is determined using 
Eq. (4.45). 

4. Determine the initiation toughness K^^. 

5. Determine K^'^^ using analytical method or weight function method. 

6. Then compute the Kr curve using Eq. (5.2). 

A flowchart for computing the /Tr curve is shown in Fig. A. 5. 



5.5.1 Details of Experimental Results 

The primary requirement for evaluation of crack extension resistance for complete 
fracture process associated with cohesive stress distribution in the fictitious frac- 
ture zone is to know the P-CMOD or P-8 curve from the test results. Xu and 
Reinhardt (1998) have used experimental results of total eight standard notched con- 
crete beams of different sizes and different initial notch length/depth {cIq/D) ratios, 
in which the complete P-CMOD curves are reported. Out of eight examples, one 
test beam belongs to Karihaloo and Nallathambi (1991), four results are taken from 
Refai and Swartz (1987), and three test beams are considered from Jenq and Shah 
(1985). From the computations, it was shown that the /("r curves were independent 
of the specimen size and initial notch/depth {Uo/D) ratio. In the present calculation. 
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P-CMOO curve (6250-80) 
P-CTOD curve (8250-80) 
P-CMOD curve (BX50-80) 
P-CTOD curve (B150-80) 
P-CMOD curve (663-80) 
P-CTOD curve (B53-80) 
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Fig. 5.7 The average experimental P-CMOD envelopes (Roesler et al. 2007) and computed 
P-CTOD curves for specimen sizes 250, 150, and 63 mm 

Table 5.1 Test results of three-point bending geometry for notched concrete beam (E = 32 GPa 
and/c = 58.3 MPa) 

K™(MPa m'/2) 



D 



Pu 



Using 
analytical 



Beam No. (mm) (mm) (mm) (mm) (kN) (MPa m'/^) method 



Using weight 

function 

method 



B250-80 


250 


80 


1000 


83 


6.303 


1.427 


0.531 


0.534 


B 150-80 


150 


80 


600 


50 


4.089 


1.612 


0.458 


0.460 


B63-80 


63 


80 


250 


21 


2.264 


1.607 


0.613 


0.616 



Roesler et al. (2007) 



the primary objective is to validate the weight function method with the existing ana- 
lytical method for determining the .^r curves based on cohesive stress distribution. 
A different set of experimental results recently published by Roesler et al. (2007) 
and reported in Chap. 3 (see Sect. 3.4) that consists of complete P-CMOD envelopes 
is taken into account for this study. The designations of specimens B250-80b, B 150- 
80b, and B63-80b correspond to the specimen size of depths 250, 150, and 63 mm, 
respectively. The same results of the average P-CMOD curves with maximum pos- 
sible accuracy are reproduced in Fig. 5.7 and the salient features of the test results 
along with material properties are reported in Table 5.1. Tensile strength of concrete 

r~i 

is computed using the relation /t — 0.4983 J/j, MPa (Karihaloo and Nallathambi 
1991). 

In real practice, the values of material constants in the nonlinear softening func- 
tion should be determined from uniaxial tension tests. However, in the absence of 
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test data, the values of ci, cj, and Wq of the nonlinear softening (Reinhardt et al. 
1986) for normal concrete may be taken as 3, 6.93, and 160 (xm, respectively. Also, 
the values of Wc may be taken in the range of 100-140 |xm for concretes with ten- 
sile strengths ranging 2.93^.12 MPa (Phillips and Zhang 1993). Xu and Reinhardt 
(1998) adopted a trial-and-error approach to determine the constants c\, C2, and Wc 
for three concrete mixes reported in the study. In the computations of K^ curves 
(Xu and Reinhardt 1998), the parameters c\, C2, and Wc were considered to be 
3, 7, and 100 p.m for the concrete tested in Refai and Swartz (1987); 3, 7, and 140 
(xm for concrete tested in Jenq and Shah (1985); and 2, 13, and 100 |xm for con- 
crete tested in Karihaloo and Nallathambi (1991). In the subsequent study, Reinhardt 
and Xu (1999) used the material parameters c\, C2, and w^ as 3, 10, and 110 |xm, 
respectively, for evaluation of the K^ curves. 



5.5.2 Crack Extension Resistance Curves (Kr Curves) 
and Stability Criterion 

A comprehensive computer program in MATLAB environment is developed for 
the complete mathematical calculations. The test data of CMOD corresponding to 
load point are carefully read for all the three specimens (B250-80, B 150-80, and 
B63-80) using Fig. 5.7. The existing analytical method (Eq. (5.5)) is applied to cal- 
culate reference values of the crack extension resistance and the weight function 
method is employed to calculate the corresponding values of crack extension resis- 
tance for the comparison purpose. Since there is a singularity problem at integral 
boundary, the Gauss-Chebyshev quadrature numerical technique is used to evaluate 
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cl= 3, c2 = 7, wc = 0.16mm 

■ cl = 3, c2 = 7, wc = 0.15 mm 

■ cl = 3, c2 = 7, wc = O.lfl mm 
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Fig. 5.8 Influence of material constant w^ of the nonlinear softening on the A'r curves for 
specimen size 150 mm 
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Eq. (5.5). This problem of using specialized numerical integration method is avoided 
if the closed-form expression (5.12) or (5.13) employing weight function method is 
used. Since the double-^ fracture parameters can be evaluated with less than 2% 
error with four-term universal weight function and almost the same results can be 
gained with the five terms of the universal weight function, for validation of weight 
function method in present calculation only four-term weight function is taken into 
account for determination of the crack extension resistance. In this method, first of 
all the three parameters Mi, M2, and M3 of four-term weight function are computed 
employing Eq. (4.20) and Table 4.1 (see Sect. 4.3). The value of initiation toughness 
K^Q is evaluated using the analytical method in case Eq. (5.5) is taken for calcula- 
tion of the crack extension resistance. On the other hand, the closed-form expression 
with four-term weight function is used in case the crack extension resistance is cal- 
culated using Eq. (5.12). At every stage of loading beyond the peak load, the value 
of Aflc along the fictitious crack line is computed satisfying Eq. (4.45). 

During computations in the present work, it is realized that the choice of the 
material constants C[, C2, and w^ in the nonlinear softening function does affect 
the /Tr curves. A trial-and-error method is adopted for considering those material 
constants in which the values of ci and C2 are kept to be constant as 3 and 7, respec- 
tively, and the value Wc is varied as 160, 150, and 140 (xm. As an example, the 
influence of the value Wc on the K^ curves gained using weight function method for 
specimen size 150 mm is shown in Fig. 5.8. It is observed from the figure that the 
/Tr curves are affected by the values of Wc- Especially, the /Tr curves for specimen 
size 63 mm, if compared with the K curve, are found to be unreasonably erroneous 
for the values of Wc 150 and 160 |xm. Therefore, the parameters ci, C2, and Wc for 
the entire computations are taken to be 3, 7, and 140 |xm, respectively, which give 
correct representation of the /Tr curves for all the considered specimen sizes. This 
assumption seems to be reasonable because the computed value of tensile strength 
for the concrete mix is 3.805 MPa being close to 4.12 MPa for which the value of 
Wc may be assumed to be 140 |xm (Phillips and Zhang 1993). 

The variation of crack extension resistance Kn{Aa) curve and stress intensity 
factor at the tip of propagating crack K{P,a) curve with the crack extension Aa 
for all the three beam specimens using Eq. (5.5) and the weight function method 
using Eq. (5.12) is shown in Figs. 5.9, 5.10 and 5.11. The corresponding loads P 
vs. the crack extension Aa are also shown on the same plots. Figures 5.9, 5.10, 
and 5.11 represent graphical features of fracture behavior for specimen sizes 63, 
150, and 250 mm, respectively. The notations B, B', C, C, Aab, and Acc are used 
to represent the salient points on these graphs. From comparison of the /Tr curves 
obtained using Eq. (5.5) and the closed-form expression (5.12), it is found that no 
visible difference is noticed at any value of crack extension for all the three spec- 
imens. Numerically a very marginal difference is observed between the calculated 
values of crack extension resistance using Eq. (5.5) and weight function method 
using Eq. (5.12). This difference can still be minimized and numerically almost the 
same values of crack extension resistance can be obtained if Eq. (5.13) with the five 
terms of weight function is considered. Therefore, either Eq. (5.12) or (5.13) can be 
used to directly calculate the crack extension resistance of the concrete structures 
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without any error. The use of these closed-form expressions also avoids the appli- 
cation of specialized numerical integration technique with a singularity problem at 
the integral boundary. In addition, implementation of these expressions in computer 
program is not only simple but also with the help of a calculator, one can calculate 
the crack extension resistance with improved computational efficiency. It is interest- 
ing to point out that the accuracy of fracture parameters using the analytical method 
depends on the step size of numerical integration. Especially, with the use of bilin- 
ear softening function, if the numbers of integration points chosen are relatively less 
or the integration points located are relatively away from the kink point, the ana- 
lytical method may lead to some degree of error. On the other side, Eq. (5.12) is a 
closed-form solution which yields results free from such error. 

From Figs. 5.9, 5.10, and 5.11, it is observed that relative comparison between 
the Kr curves and the K curves can be considered as a fracture criterion to describe 
the stability condition of a propagating crack in a complete fracture process. In the 
figures, the values of the K curves are seen lower to those of ^r curves during the 
ascending portion of P-Aa curve. It means that cracks propagate steadily in ascend- 
ing portion of P-CMOD curve till the crack extension reaches the value of Oc ■ In the 
descending branch of P-Aa curve, the K curves are higher than Kr curves, which 
means that propagating cracks are unstable. At peak loads, the ^r curves are equal 
to the K curves corresponding to the onset of unstable crack propagation. Hence 
these graphical representations are consistent with Eq. (2.3) of fracture criterion 
using the ^R-curve approach. The beginning point of the ^r curve is the initiation 
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Fig. 5.9 Comparison of A'r curves and stability analysis of crack propagation for specimen size 
63 mm 



208 



5 Fracture Properties of Concrete Based on the A'r Curve 




0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 
Crack extension length, A a (m) 

Fig. 5.10 Comparison of A'r curves and stability analysis of crack propagation for specimen size 
150 mm 
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Fig. 5.11 Comparison of Kg_ curves and stability analysis of crack propagation for specimen size 
250 mm 
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toughness K^^ of the material and corresponding to the peak load, the toughness of 
material is the unstable toughness A'j™. Consequently, stability of the crack propa- 
gation can be well described using the double-ZiT fracture parameters K^^ and K"^. 
From the K^-curve analysis, it is clear that K^™ is the inherent toughness of the mate- 
rial, being the initiation point of the K^ curve at point B. A horizontal line parallel to 
the Aa-axis is drawn passing through the ordinate K^^ until it crosses the K curve. 
From this point, a vertical line is drawn until it cuts the P-Aa curve at point B'. 
The point B' gives the crack initiation load Pini, which is difficult to measure from 
the experiment. The crack extension corresponding to Pjni is termed as the length of 
small micro cracking zone Aab- Similarly, a line parallel to Aa-axis is drawn from 
the intersection point of the K^ curve and the K curve (point C), which cuts the 
ordinate at a point known as the unstable fracture toughness K^^. If a vertical line is 
drawn from the intersection point C until it crosses the P-Aa curve at point C', the 
corresponding load point is the peak load. The value of crack extension length Aac 
corresponding to K"^ is the effective crack extension. The value of (Aac — Aqb) is 
a macro-crack extension and known as the steady slow crack growth. The complete 
fracture process in fact can be described using double-A" fracture criterion, which is 
equivalent to the ^R-curve fracture criterion as expressed in Eq. (5.4). 



5.5.3 Effect of Specimen Size on the Kr Curves 

The size-effect study on the A'r curve was presented by Xu and Reinhardt (1998) 
for the three-point bending test specimens tested in Refai and Swartz (1987) and 
Jenq and Shah (1985). It seemed difficult to analyze the size effect quantitatively for 
the tested specimens in Refai and Swartz (1987) because the values of Oq/D ratio 
were not the same for the companion specimens. On the other set of test results 
(Jenq and Shah, 1985), the values of modulus of elasticity taken into calculation for 
the /Tr curves were widely varied for different specimens. However, it was found 
that the A'r curves were independent of both specimen size and relative size of ini- 
tial notch length. In the subsequent work, Reinhardt and Xu (1999) performed the 
size-effect study on the /Tr curve for the geometrically similar three-point bending 
test specimens with the same material properties and Oq/D ratio for the size range 
200 < D < 400 mm. The input data in the study were gained numerically using 
nonlinear fracture model based on crack band model (Bazant and Oh 1983). The 
advantage of choosing the numerical input data might be that it could be free from 
unseen errors in experiment. In the study (Reinhardt and Xu 1999), the size effect 
can be quantitatively observed corresponding to the characteristic fracture parame- 
ters /Tj" and A'j™. It is found that difference in the values of /TJ" and K^^ calculated 
between the maximum size (400 mm) and the minimum size (200 mm) is 9.33 and 
10.53%, respectively. This observation shows that the /Tr curves are dependent on 
the specimen size. 

The gained A'r curves using four-term weight function method (Eq. (5.12)) for 
the three specimen sizes 63, 150, and 250 mm are shown in Fig. 5.12 and the values 
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Fig. 5.12 The size-effect analysis on the ATr curves determined using weight function method 



of double-.^ fracture parameters for those specimens are presented in Table 5.1. In 
present computations it can be seen from Table 5.1 that values of K^ and K™ are 
different by 10.88 and 1 1 .20% between specimen sizes 250 and 63 mm, respectively, 
and those differences are 13.86 and 11.48% for specimen sizes 250 and 150 mm, 
respectively. This size effect can also be observed from Fig. 5.12. It is seen from 
the figure that the size effect on the A'r curve is more prominent almost after the 
unstable fracture condition is reached. Especially, the A'r curve for specimen size 
150 mm is relatively more scattered than that for specimen sizes 63 and 250 mm. 



5.5.4 The P-CTOD Curves 

The relation between monotonic increase in load and the corresponding gained 
values of crack-tip opening displacement for all the three specimens is plotted in 
Fig. 5.7. In the figure the computed values of P-CTOD curves are merged with 
the experimentally observed P-CMOD curves to observe the similarity between 
the experimental data and the computed results. It can be seen from the compar- 
ison that the /'-CTOD curves for the notched-beam specimens are similar to the 
experimentally observed P-CMOD curves. This observation further validates the 
preciseness achieved in the evaluation process of fracture parameters using the 
/TR-curve method. 



5.5.5 The Relationship Between CTOD and Aa 

The evaluated results of the CTOD and Aa during the complete fracture process 
are plotted in Fig. 5.13for all the three notched concrete beam specimens. An 
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Fig. 5.13 Variation of CTOD with crack extension (Aa) for the beam specimens 



exponential relationship exists between the gained values of CTOD and Aa. Du, 
Kobayashi and Hawkins (1987) experimentally measured the crack opening dis- 
placement along the process zone in the three-point bending notched concrete beams 
using white light moire interferometry. The dimensions of the notched beams were 
S — 162.4 mm, B = 51mm, D — 40.6 mm, and Uq — 20.3 mm. The increasing 
COD values at the blunt notch tip were plotted with microcrack-tip extensions for 
these small concrete beam bend specimens. All the data points fall on the same con- 
tinuous curves for the four specimens showing an exponential function (Du et al. 
1987), which is similar in nature as represented in Fig. 5.13. This further validates 
the practical use of the ^r curve associated with cohesive force in the fictitious 
fracture zone. 



5.5.6 Analysis and Discussion 

The crack extension resistance K^{Aa) based on cohesive stress distribution along 
the fictitious fracture zone is developed from experimental results of P-CMOD 
curve on the three-point bending notched concrete beams. Two approaches are 
mentioned in the chapter. The first approach was proposed by Xu and Reinhardt 
(1998) in which the cohesive toughness due to cohesive stress distribution is deter- 
mined using specialized numerical integration technique. This analytical method 
has the singularity problem at the integral boundary. The second approach is the 
weight function method proposed by the authors (Kumar and Barai 2008a, 2009a) 
in which the cohesive toughness due to cohesive stress distribution is determined 
using the simple form of the universal weight function. In the weight function 
method, first, the parameters of weight functions are determined using the simple 
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algebraic expressions and then the value of cohesive toughness is evaluated employ- 
ing derived closed-form solution. It is found from the comparison that the values 
of crack extension resistance gained using the existing analytical method (Xu and 
Reinhardt, 1998) and the closed-form expression with four-term weight function 
are very close. The use of present method does not require any specialized com- 
puting technique and hence improves the computational efficiency. Moreover, any 
possible error due to step size in numerical integration especially with the use of 
bilinear softening curve for concrete is avoided if the weight function method is 
used. The double-/^ fracture criterion is a simple and practically useful tool which 
can be conveniently applied for the stability analysis of the ^r curve. For describing 
the complete fracture process of concrete starting from crack initiation to failure, the 
/Tr curves associated with cohesive stress distribution can be used with less com- 
putational efforts. Many basic fracture parameters, such as the crack initiation load 
Pini, length of microcracks, length of macro-cracks which are difficult to be mea- 
sured experimentally, can be determined easily by making use of the present form of 
the A'R-curve analysis. In addition, the values of crack-tip opening displacement at 
every incremental value of crack extension Aa can be evaluated numerically during 
the complete fracture process. 

Experimental test data (Xu and Reinhardt 1998) and numerically obtained data 
(Reinhardt and Xu 1999) were used to study the size-effect behavior of the K^ 
curves. A better reflection of size effect on the K^ curves can be captured from the 
work of Reinhardt and Xu (1999) in which it is observed that the values of A"}^' and 
K"^ are varied within 1 1 % for the size range 200 < D < 400 mm. In the present 
study, the authors make use of experimental results on the three-point bending con- 
figuration to show the size-effect behavior of the ATr curves. It is observed that the 
maximum difference in the values of K^ and A'Jj? is found to be less than 14% 
for the size range 63-250 mm and after almost unstable fracture condition, the size 
effect is more prominent. 

It is well known that the R curves depend on the specimen size, the geometry of 
specimen, the loading condition, the shape of softening function, and the materials 
properties of concrete. Reinhardt and Xu (1999) carried out systematic studies in 
this regard showing the effect of compressive strength of concrete, the size effect, 
and the influence of the shape of the softening law on the A'r curves. The influence 
of specimen geometry and type of loading condition on the A'r curves is not avail- 
able in the literature. It is interesting to find out the influence of specimen geometry 
and loading condition on the ^r curves. The P-CMOD curves are the preliminary 
requirements for the above studies. For the investigation of influence of specimen 
geometry, the results of P-CMOD curves tested under the similar conditions for 
different specimen geometries are needed. Similarly, for the effect of loading condi- 
tion on the /("r curves, the P-CMOD plots tested under the similar conditions except 
for different loading conditions are required. Most of the experimentally measured 
P-CMOD curves available in the literature are not favorable to investigate the influ- 
ence of specimen geometry and loading condition on the A'r curves. In other way, 
these investigations can be carried out in the foregoing section with the P-CMOD 
curves generated using nonlinear fracture models like the cohesive crack model. The 
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advantage of gaining such P-CMOD curves is that they may be free from unseen 
errors due to experimental measurements. 



5.6 Numerical Study on the /(Tr Curve 

5.6.1 Material Properties and Numerical Computations 

The concrete mix for which /t = 3.21 MPa, E = 30GPa, Gp = 103 N/m (Planas 
and Elices 1990), and v — 0.18 is taken into account for the present investigation. 
The nonlinear stress-displacement softening relation expressed in Eq. (3.36) (see 
Sect. 3.3.4) is used for FCM in the study. The values of material constants in non- 
linear softening function are taken to be cy — T>, C2 — 5 for all computations in the 
present work. This results in the value of Wc — 108.8 |xm after satisfying Eq. (3.37). 
For standard TPBT, CT, and FPBT specimens with B — 100 mm having size range 
D — 100 — 400 mm, the finite element analysis is carried out for which half of the 
specimens are discretized due to symmetry as shown in Fig. 4.25 and 80 numbers 
of equal isoparametric plane elements are considered along the dimension D (see 
Sect. 4.9). The P-CMOD curves for standard TPBT and FPBT or P-COD curves for 
CT test specimen at Uq/D ratios 0.3 and 0.5 are obtained using FCM. The P-CMOD 
curves for the TPBT and FPBT specimens and P-COD curves for CT test speci- 
mens for size range considered in the study are presented in Figs. 5.14, 5.15 and 
5.16, respectively. The symbols D[, D2, Dj, and D4 in the figures are the specimen 
size of 100, 200, 300, and 400 mm, respectively. 

The analytical method (Eq. (5.5)) is applied to calculate reference values of 
crack extension resistance and the weight function method (Eqs. (5.13) and (5.2)) 
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Fig. 5.14 The P-CMOD curves for TPBT specimen geometry 
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Fig. 5.16 The P-COD curves for CT test specimen geometry 



is employed to calculate the corresponding values of crack extension resistance for 
comparison purpose. The value of initiation toughness IC^ is evaluated using the 
analytical method in case Eq. (5.5) is taken for calculating crack extension resis- 
tance, whereas the closed-form expression with five-term weight function is used in 
case Eqs. (5.2) and (5.13) are used. The value of Aac is computed at every stage of 
loading beyond the peak load. This value is obtained satisfying Eq. (4.45) along the 
fictitious crack line for locating the value of CTODc. The same nonlinear softening 
function is used in FCM, analytical method, and weight function method to maintain 
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Fig. 5.17 Effect of specimen geometry and size effect on the unstable fracture toughness for TPBT 
and CT geometries 
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Fig. 5.18 Effect of loading condition and size effect on the unstable fracture toughness for TPBT 
and FPBT 



consistency in the results. For the precise numerical investigation, the effect of self- 
weight in TPBT and FPBT geometries is accounted for at all computational stages, 
whereas this effect is not obviously considered for the CT specimen. The fracture 
material property /T™ for specimen geometries TPBT and CT and loading condi- 
tions for TPBT and FPBT for the considered specimens are graphically presented in 
Figs. 5.17 and 5.18 respectively. The parameter /Tj™ for specimen geometries TPBT 
and CT and loading conditions for TPBT and FPBT for the considered specimens 
are graphically presented in Figs. 5.19 and 5.20 respectively. 
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Fig. 5.19 Effect of specimen geometry and size effect on the initial cracking toughness for TPBT 
and CT geometries 
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Fig. 5.20 Effect of loading condition and size effect on the initial cracking toughness for TPBT 
and FPBT 



Effect of specimen geometry between TPBT and CT specimens on the double-ZT 
fracture parameters is similar to the previous studies observed in Chap. 4. Further, 
it is found that the maximum absolute difference in the values K^^ between the two 
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loading conditions (TPBT and FPBT) is less than 2% and that in the values A"}" is 
less than 3.5% for specimen size range 100^00 mm. 



5.6.2 Crack Extension Resistance Curves (Kr Curves) and Stability 
Criterion 

Since the A'r curve is considered as a criterion for complete description of crack 
propagation in structure, it is regarded as the material properties of the complete 
fracture process. On the other side the stress intensity factor curve {K curve) at the 
crack tip for an arbitrary load P and corresponding propagating crack length can 
be obtained using LEFM formulae. For the demonstration of the complete fracture 
process, the variation of crack extension resistance curve K-gJ^l^a) and stress inten- 
sity factor at the tip of propagating crack K{P,a) curve with crack extension, a/D 
ratio for all TPBT and CT specimens using analytical method (Eq. (5.5)), and the 
weight function method (Eqs. (5.2) and (5.13)) are shown in Figs. 5.21-5.36. The 
corresponding load P vs. propagating crack extension a/D is also shown on the same 
plot for the 16 specimens (Figs. 5.21-5.36). KR-AN, KR-WF, KI, and P denote K^ 
curve obtained using analytical method, K^ curve obtained using weight function 
method, stress intensity factor curve, and load curve, respectively. These curves will 
enable to carry out the stability analysis of the crack propagation for complete frac- 
ture process and to compare the results of the A'r curves obtained using analytical 
method and weight function method. 
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Fig. 5.21 ATr curve and stability analysis of the propagating crack for TPBT specimen of 
D = 100mm and Oo/Z) ratio = 0.3 
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Fig. 5.22 A'r curve and stability analysis of the propagating crack for TPBT specimen of 
D = 100mm and ao/Diatio = 0.5 
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Fig. 5.23 Kr curve and stability analysis of propagating crack for CT specimen of D = 1 00 mm 
and ao/Dvalio = 0.3 
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Fig. 5.24 Kr curve and stability analysis of the propagating crack for CT specimen of 
D = 100mm and ao/Dmtio = 0.5 




Fig. 5.25 ATr curve and stability analysis of the propagating crack for TPBT specimen of 
D = 200 mm and ao/D ratio = 0.3 
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Fig. 5.26 ATr curve and stability analysis of the propagating crack for TPBT specimen of 
D = 200 mm and Oo/i' ratio = 0.5 




Fig. 5.27 A'r curve and stability analysis of the propagating crack for CT specimen of 
D = 200 mm and Oo/fl ratio = 0.3 
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Fig. 5.28 Kn curve and stability analysis of the propagating crack for CT specimen of 
D = 200mm and ao/D ratio = 0.5 
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Fig. 5.29 ATr curve and stability analysis of the propagating crack for TPBT specimen of 
D = 300 mm and Oo/Dvalio = 0.3 
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Fig. 5.30 ATr curve and stability analysis of the propagating crack for TPBT specimen of 
D = 300 mm and Uo/DxiAio = 0.5 




Fig. 5.31 K^ curve and stability analysis of the propagating crack for CT specimen of D 
300 mm and Uq/D ratio = 0.3 
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Fig. 5.32 K^ curve and stability analysis of the propagating crack for CT specimen of D 
300mm and cio/DxaXio = 0.5 
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Fig. 5.33 Kr curve and stability analysis of the propagating crack for TPBT specimen of D 
400 mm and Uq/D ratio = 0.3 
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Fig. 5.34 A'r curve and stability analysis of the propagating crack for TPBT specimen of D 
400mm and Uq/D ratio = 0.5 




Fig. 5.35 ^R curve and stability analysis of the propagating crack for CT specimen of 
D = 400 mm and ao/Draiio = 0.3 
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Fig. 5.36 A'r curve and stability analysis of the propagating crack for CT specimen of 
D = 400 mm and UalDxaMo = 0.5 



It is observed from Figs. 5.21-5.36 that tlie K^ curves obtained using weight 
function method and analytical method for all the cases do not have any distin- 
guished difference. It is also to be pointed out that weight function method does 
not involve any specialized numerical technique; moreover, straightforward solu- 
tion can be obtained in closed-form equation resulting in computational efficiency. 
Hence for the sake of brevity the K^ curves presented in the subsequent part of the 
chapter are obtained using weight function method. 

The A'r curve, /(T curve, and P curve (Figs. 5.21-5.36) can be considered to inves- 
tigate the initiation point and the critical unstable point of crack propagation during 
fracture process in concrete. The toughness of the material increases with increase 
in crack length from the inherent toughness IC^ corresponding to point B to the 
value of the crack extension resistance at the critical unstable point C, denoted as 
/TrCAoc). At this condition, a point of inflection is exhibited on the ^r curve and the 
corresponding load becomes peak load Pa and the crack length achieves its critical 
value flc- The difference in the toughness of the material at any propagating crack 
length is due to the cohesive toughness and the initiation toughness. 

The stability analysis of crack propagation for complete fracture process can 
be performed by comparing the K curves and A'r curves in the Figs. 5.21-5.36. 
Initially, the K curves yield lower value of stress intensity factor till the crack prop- 
agates steadily which are the regions between the points B and C. Further, the K 
curves coincide with the /("r curves at point C and the crack will start to propagate 
unsteadily beyond this point. The stability analysis can be expressed mathematically 
as stated in Eq. (5.4). 
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5.6.3 Effect of Specimen Geometry and Size Effect on the Kr 
Curves 

The evaluated K^ curves using five-term weight function method for TPBT and CT 
specimen geometries of laboratory size range (100 <D< 400) at Qq/D ratio of 0.3 
and 0.5 are shown in Figs. 5.37 and 5.38, respectively. It is observed from both the 
figures that at a particular value of specimen size and Uo/D ratio, no distinguished 
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Fig. 5.37 Influence of specimen geometry and size effect on the Kji curves at ag/D = 0.3 
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Fig. 5.38 Influence of specimen geometry and size effect on the ^r curves at Uo/D = 0.5 
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difference in the ^r curves gained between TPBT and CT test specimen geometries 
is noticed. Further, it is noticed from the figures that A'r curves are affected by 
the size of the specimens; however, it is difficult to quantify graphically the size 
effect on the gained A'r curves. It is also seen from the figures that the influence of 
specimen size is more pronounced near the values of K^ and K^q which is clearly 
discernable in Figs. 5.16 and 5.18. 



5.6.4 Effect of Specimen Geometry and Size Effect on the CTOD 
Curves 

The relation between monotonic increments of the evaluated values of crack-tip 
opening displacement at different loading stages of crack propagation (CTOD 
curves) for all the TPBT and CT specimens having ao/D ratio 0.3 and 0.5 is plotted 
in Figs. 5.39 and 5.40, respectively. It is interesting to note that there is no influ- 
ence of specimen geometry at a particular value of specimen size and Oo/D ratio. 
This observation is similar to the effect of specimen geometry on the /Tr curves 
developed between TPBT and CT test specimen geometries. 



5.6.5 Effect of Specimen Geometry and Size Effect on the Process 
Zone Length 

The process zone development is an important phenomenon in concrete fracture and 
the zone length can be accurately evaluated using nonlinear fracture analysis based 
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Fig. 5.39 Influence of specimen geometry and size effect on tire CTOD curves at cio/D = 0.3 
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Fig. 5.40 Influence of specimen geometry and size effect on the CTOD curves at cio/D = 0.5 



on numerical method like fictitious crack model or crack band model. However, 
these models are computationally more involved as compared to the modified LEFM 
models for concrete fracture. Further, modified LEFM models are practically use- 
ful due to less computational work for common engineering applications. In those 
circumstances, the TTR-curve method based on cohesive stress distribution in the fic- 
titious crack zone can give similar information as those obtained from nonlinear 
fracture mechanics. This fact is illustrated in the present section which reports the 
numerical results of process zone length determined for all the TPBT and CT speci- 
mens under consideration. The process zone length Cp is computed using the values 
of flo and Owe for each test specimen and the following equation: 

Cp = awc-ao (5.17) 

The nondimensional parameter Cp/D is plotted versus the nondimensional value 
of Ich/D in Fig. 5. 41 for TPBT and CT test specimen geometries at geometrical 
factors ao/D — 0.3 and 0.5. 

The trend obtained in the figure is interesting. It is seen from the figure that 
almost no effect of specimen geometry on the development of process zone is 
observed at a particular value of Uo/D ratio. The zone length is relatively higher 
for the lower value of initial crack length/depth ratio and it increases with decease 
in specimen size for both the test geometries, which is a well-known phenomenon 
in fracture process of concrete. It is further observed that on an average, the dif- 
ference in the process zone length obtained at different Uq/D ratios (0.3 and 0.5) is 
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Fig. 5.41 Influence of specimen geometry and size effect on the process zone length 



more at lower size specimens and seems to be converging and asymptotic at infinite 
size specimen for both values ofuo/D ratios. Moreover, the above observations with 
regard to ^R-curve analysis need more numerical and experimental investigations 
in future. 



5.6.6 Effect of Loading Condition and Size Effect on the Kr Curves 

The gained K^ curves for both the loading conditions, i.e., TPBT and FPBT of 
laboratory size range (100 < D < 400) at Oo/D ratio of 0.3 and 0.5 are shown in 
Figs. 5.42 and 5.43, respectively. 

It is observed from both the figures that at a particular value of specimen size and 
Qq/D ratio, no distinguished difference in the K^ curves gained between the both 
loading conditions TPBT and FPBT is noticed. The size-effect behavior is similar 
to the observation made from Figs. 5.37 and 5.38. 



5.6.7 Effect of Loading Condition and Size Effect on the CTOD 
Curves 



The CTOD curves for both the loading conditions (TPBT and FPBT) having Gq/D 
ratio 0.3 and 0.5 are plotted in Figs. 5.44 and 5.45, respectively. 
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Fig. 5.42 Effect of loading condition and size effect on the A'r curves at ciojD = 0.3 
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Fig. 5.43 Effect of loading condition and size effect on the A'r curves at OojD = 0.5 



It is interesting to note ttiat there is no influence of loading condition on the 
CTOD curves at a particular value of specimen size and Uo/D ratio. This observation 
is similar to the effect of loading condition on the A'r curves developed between 
TPBT and FPBT specimens. 
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Fig. 5.45 Effect of loading condition and size effect on the CTOD curves at cio/D = 0.5 
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5.6.8 Effect of Loading Condition and Size Effect on the Process 
Zone Length 

The nondimensional parameter Cp/D is plotted versus the nondimensional value of 
kh/D in Fig. 5.46 for TPBT and FPBT specimens at relative initial notch length 
ao/D = 0.3 and 0.5. 



0.55 



0.5 

0.45 

> 0.4 

0.35 

0.3 
0.25 -I 

0.2 




TPBT-0.3 
TPBT-0.5 
FPBT-0.3 
FPBT-0.5 



12 3 

Fig. 5.46 Effect of loading condition and size effect on the process zone length 



The trend obtained in the figure is similar to previous results in which the plot 
between Cp/D and kh/D was shown for the two different specimen geometries, i.e., 
three-point bending and compact tension tests. It is seen from Fig. 5.46 that almost 
no effect of loading condition on the development of process zone is observed at a 
particular value of Qq/D ratio. The size-effect behavior on the process zone length is 
similar to the observation made from Fig. 5.41. 



5.7 Closing Remarks 

In this chapter, weight function approach was introduced to determine the /("r curve 
based on cohesive stress distribution in the FPZ. In addition, a precise investigation 
of the various parameters on the K^ curve was carried out. The following salient 
points can be highlighted from the studies: 
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• Examples of A'r curves for experimental results on the three-point bending test 
specimens were evaluated using analytical method and weight function approach 
with four terms. It was observed that weight function approach yields indistin- 
guishable difference in the results of Kr curve as compared to those obtained 
using the analytical method. Therefore, the weight function approach can be 
used as an alternative tool for determining the Kr curve based on cohesive 
stress distribution in fictitious crack extension without any appreciable error. 
This approach improves the computational efficiency over the existing analytical 
method. The measured A'r curves based on experimental results are influenced 
by the specimen sizes. 

• From numerically obtained input data, many features of the K^ curve are notice- 
able. The influence of the specimen geometry on the A'r curves and CTOD curves 
is not observed for the specified specimen size and initial crack length/depth 
ratio. However, these curves are affected by specimen size. The size effect on 
the CTOD curves is more pronounced than is on the A'r curves. The size effect 
on the A'r curve near the zone of initiation toughness and the unstable fracture 
toughness of the material are found to be observable, whereas in the other parts 
of the curve this effect is almost absent. The length of the fracture process zone 
is found to be influenced by the specimen size and the zone length was almost 
independent of the type of specimen geometry for a given value of relative crack 
size. 

• It was further noticed that the influence of loading condition on the A'r curves 
and the CTOD curves for a specified specimen size and initial crack length/depth 
ratio is not observable. The length of fracture process zone is almost independent 
of the type of loading condition for a given value of relative initial crack size. 
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Chapter 6 

Comparison of Fracture Parameters of Concrete 

Using Nonlinear Fracture Models 



6.1 Introduction 

From the past studies it is clear that the fracture mechanics can be a useful and pow- 
erful tool for the analysis of growth of distributed cracking and its localization in 
concrete if the softening behavior of the material is taken into account. The presence 
of FPZ causes size-effect behavior in concrete structures. Various fracture models 
such as two-parameter fracture model, size-effect model, effective crack model, and 
double-/^ fracture model (Planas and Elices 1990, Karihaloo and Nallathambi 1991, 
Kumar and Barai 2010) can also predict this size-effect behavior. The size-effect 
study of fracture parameters obtained from two-parameter fracture model, effective 
crack model, double-ZiT fracture model, and double-G fracture model is presented in 
this chapter. The studies carried out in subsequent sections are based on the work 
of Kumar and Barai (2008, 2009a, b, 2010) and Kumar (2010). Results of ficti- 
tious crack model for three-point bending test geometry of cracked concrete beam 
of laboratory size range 100-400 mm are used and the different fracture parame- 
ters from size-effect model, effective crack model, double-A" fracture model, and 
double-G fracture model are evaluated using the input data obtained from FCM. 
In addition, the fracture parameters of two-parameter fracture model are obtained 
using the mathematical coefficients available in literature (Planas and Elices 1990). 
From the study it is concluded that the fracture parameters obtained from various 
nonlinear fracture models are influenced by the specimen size and they maintain 
some definite interrelationship depending upon the specimen size and relative size 
of initial notch length. 



6.2 Material Properties and Determination of Fracture 
Parameters 

Fictitious crack model or cohesive crack model for standard specimens of three- 
point bending test as shown in Fig. 2.11a (see Sect. 2.6) is used in the present 
study. The discretization as shown in Fig. 4.25a (see Sect. 4.9) is considered along 
with the quasi-exponential stress-displacement softening relation (Planas and Elices 
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Table 6.1 Peak load and the corresponding CMOD for standard TPBT obtained using FCM for 
material properties/; = 3.21 MPa, E = 30GPa and Gp = 103 N/m 





aJD 
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41.1 
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2947.20 
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48.9 
68.2 
86.8 
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2095.20 
3477.20 
4529.49 
5335.20 


58.7 

83.3 

104.5 

118.5 



1990) in the FCM. Concrete mix for which /t = 3.21 MPa, E = 30GPa, and 
Gp = 103 N/m is considered as input parameters for FCM. The value of v is 
assumed to be 0.18. The fracture peak load and the corresponding CMOD at Uo/D 
ratios ranging between 0.2 and 0.5 are obtained for TPBT specimen with B — 
100 mm, size range 100<Z)<400 mm and S/D — 4. The peak load P^ and cor- 
responding critical value of CMOD (CMODc) gained from the numerical model 
FCM are presented in Table 6. 1 . 

In addition to above, the maximum size of coarse aggregate d^, is taken as 19 mm 
for all the subsequent computations. Since loading and unloading during test of 
fracture specimen is required to obtain the fracture parameters of TPFM - A'j^ 
and CTODcs (CTODc of TPFM) according to the procedure outlined in RILEM 
Draft Recommendations TC89-FMT (1990a) - it is not possible with the avail- 
able results obtained using FCM to determine the fracture parameters (also see 
Fig. A.6). Therefore, the parameter A'j^ is precisely evaluated with the help of 
inverse analysis using the expressions and mathematical coefficients presented by 
Planas and Elices (1990) in which the fracture parameters of TPFM for the same 
TPBT specimen and material properties were computed. The critical effective crack 
extension (see Sect. 2.8) for infinite size Aocsoo i^ determined using Eq. (2.36) in 
which c{ — Aflcsoo ' G^FB — Gps ■ Finally, the size-effect equation of TPFM is cast 
in the following form: 



EGpc _ Gpc 



Aacsoo 2fc'(Q'o) /ch' 



(6.1) 



where a — a/D, k'{a) is the first derivative of k{a) with respect to a, Gpc is equal 
to Gp, and Gps is the equivalent fracture energy obtained using TPFM. In Eq. (2.36) 
the mathematical coefficient Aacsoo /'ch was obtained as 0.0746 (Planas and Elices 
1990) for each geometry (ao/D) ranging between 0.2 and 0.5 within an accuracy 
level of 3%. The stress intensity factor Kij^ corresponding to nominal stress ctn is 
determined using LEFM formula given in Tada et al. (1985). 

The A'iNu of Eq. (6.1) can be obtained using Eq. (3.51) (see Sect. 3.4.7) in 
which A'lN = ^iNu for ^N — ctnu (when P = Pu) and a = ao — ao/D. In 
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the present computation, the value of A'inu is determined using the value of P^ 
obtained from FCM for a particular TPBT specimen. Then, for a given geometry 
and material properties, the Gps is determined using Eq. (6.1). Finally, the CTODcs 
is evaluated using Eq. (2.36) and the K^^ is calculated using the following LEFM 
formula: 



Kir = VeG^ (6.2) 



The computed values of both the fracture parameters Kf^ and CTODc are given 
in Table 6.2. 

For the given peak load and initial notch length, the fracture parameters of 
SEM, GpB, and cf are determined adopting the procedure (also see Fig. A. 2 of 
Appendix) given in RILEM Draft Recommendations TC89-FMT (1990b) for three- 
point bending test specimen. Further, the equivalent critical stress intensity factor 
K^f^ is obtained using the standard LEFM equation for comparison purpose. These 
results are presented in Table 6.2. 

Fracture parameters critical stress intensity factor Kf^ and critical effective 
crack length a^ of ECM are obtained using the equations given by Karihaloo and 
Nallathambi (1990). In this method, first of all a^ is obtained by using the regres- 
sion equation (Karihaloo and Nallathambi 1 990) for given material and geometrical 
properties of a TPBT specimen and then the value of Kf^ is calculated using LEFM 
equations. The method of determination of these fracture parameters is briefly out- 
lined in Sect. 2.7.5 and presented in a flowchart of Fig. A. 7). Both the fracture 
parameters determined are presented in Table 6.2 for TPBT specimen at Oq/D ratios 
ranging between 0.2 and 0.5. 

In the present work, the double-A" fracture parameters are determined using 
five-term weight function method. Since the softening relation of concrete is also 
required for determining the parameters of DKFM, modified bilinear softening func- 
tion of concrete (Eq. (3.32)) is adopted in the present calculation. The flowchart (Fig. 
A. 3) can be seen for determining the fracture parameters from DKFM. The effect of 
self-weight in the computation of effective crack length and the fracture parameters 
are taken into consideration. The results of fracture parameters A'j™ and K^^ for the 
TPBT specimen are presented in Table 6.2. 

The analytical method (Xu and Zhang 2008, Kumar and Barai 2009a) is used 
for determining double-G fracture parameters. Therefore, it is convenient to obtain 
the effective Aouh\e-K fracture parameters, i.e., effective initiation fracture tough- 
ness A'j" and effective unstable fracture toughness A'j™ in terms of equivalent stress 
intensity factors using double-G fracture model. Modified bilinear softening func- 
tion of concrete (Eq. (3.32)) (see Sect. 3.3.2.) is also used for determining the 
fracture parameters of DGFM in the present calculation. The flowchart for deter- 
mining the fracture parameters from DGFM is shown in Fig. A. 4. The computed 
values of double-G fracture parameters are shown in Table 6.2. All calculations are 
performed with developed computer program using MATLAB (version 7). 
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6.3 Size-Effect Analysis Using Various Fracture Models 
6.3.1 Size Effect of Critical Stress Intensity Factors 

In Table 6.2, the A'f'^ denotes the equivalent critical value of SIF obtained using 
Gfb and LEFM equations. From the table it is clear that the fracture parameters of 
SEM are independent of specimen size, whereas they are marginally dependent on 
geometrical factor Oq/D ratio. The reason is obvious. In the SEM, the fracture energy 
Gfb by definition is independent of test specimen size, although this is true only 
approximately since the size-effect law is not exact. The Gfb is also independent 
of the specimen shape. This becomes clear by realizing that the fracture process 
zone occupies a negligibly small fraction of the specimen's volume in an infinitely 
large specimen. Therefore, most of the specimen is elastic, which implies that the 
fracture process zone at its boundary is exposed to the asymptotic near-tip elastic 
stress and displacement fields which are known from LEFM and are the same for 
any specimen geometry. Here, the fracture process zone must be in the same state 
regardless of the specimen shape. For this reason, the computed fracture parameters 
K^r of TPFM, Kf^ of ECM, /T™ and K\"' of DKFM and ^and K\9! of DGFM at 



Oq/D ratios 0.2-0.5 are scaled down to K°^ and plotted in Figs. 6.1, 6.2, 6.3 and 6.4, 
respectively. 

From the figures it is observed that all the fracture parameters are influenced by 
specimen size, hence exhibit size effect. These fracture parameters of various frac- 
ture models with reference to K^^ of SEM maintain certain relationship with the 
nondimensional parameter kh/D. From Fig. 6.1 it is observed that fracture parame- 
ters at critical condition Kf^ of ECM, K'^^ of DKFM, and K^ of DGFM are close to 
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Fig. 6.1 Size-effect behavior of various fracture parameters at cio/D ratio = 0.2 
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Fig. 6.2 Size-effect behavior of various fracture parameters at ag/D ratio = 0.3 
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each other and show similar variation with respect to the Ich/D. Size-effect behav- 
ior of Kl^ of TPFM at critical condition is similar to that of the K^^, K"^, and K^^; 
however, the magnitude of the K^^ is somewhat less than that mentioned above. This 
means that TPFM predicts the most conservative results of critical stress intensity 
factor at unstable failure. The K^^ of DKFM and /^™ of DGFM are found to be very 
close at initial cracking load and show almost similar size-effect behavior. 

Figures 6.2, 6.3, and 6.4 also show the same size-effect behavior as demonstrated 
in Fig. 6.1 except for the parameter of Kic'^ of specimen size 100 mm at a^/D ratio 
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of 0.5. This deviation represented in the figure is probably due to the limitation of 
the applicability of the regression formula for determining the value of ^e in ECM. 
It is also observed that the ratio of critical value of stress intensity factors pre- 
dicted by ECM, DKFM, and DGFM to critical value of stress intensity factor 
predicted by SEM is close to 1 . Furthermore, it is evident that the IC^ and K^ are 
less dependent on the specimen size considered in the present study. This behavior 
was also observed in the previous studies of Chap. 4 (see Sect. 4.9.3). In the numeri- 
cal study (Kumar and Barai 2008), it was shown that the parameter IC^ is relatively 
less dependent on the specimen size ranging between 100 and 400 mm; however, 
beyond the size range 400 mm, a decrease in the value is observed. Similarly, the 
authors (Kumar and Barai 2009a) reported that the parameter IC^ is almost inde- 
pendent of the specimen size ranging between 100 and 300 mm and beyond the 
size range 300 mm, a sharp decrease in the value is observed (see Sect. 4.10.2). In 
addition, it was observed that the A"}" decreases with the increase in the specimen 

size. The discrepancy found in the results particularly with the ^ic'"' and K™ may 
be possibly due to different softening functions employed in the calculation because 
the results of IC^ and /Tj" are somewhat dependent on the softening function of 
concrete. 

From Table 6.2 and Fig. 6.1, the ratios of K^K^^, ^Ic/^ic^ ^ic/^iC' 



^IC™/^IC' ^JcV-^ic' and K'^/K^^ at Qo/D ratio 0.2 are found to be 0.611, 0.943, 
0.941, 0.900, 0.425, and 0.492, respectively, for £) = 100 mm and those are 0.830, 
1.162, 1.091, 1.039, 0.400, and 0.481, respectively, for D = 400 mm. On the 
other extreme, from Fig. 6.4, the ratios of ^jcZ-^ic' ^ic/^iC' -^icZ-^iC' ^rc/^iC' 
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^ic/^iC' and K^/K\^ at Uo/D ratio 0.5 are found to be 0.799, 1.220, 0.936, 0.904, 
0.453, and 0.492, respectively, for£) = 100 mm and those are 0.903, 1.166, 1.079, 
1.047, 0.443, and 0.487, respectively, for D = 400 mm. 

The results indicate that the TPFM predicts the most conservative value of the 
critical stress intensity factor, whereas close results are predicted by the ECM, 
DKFM, and DGFM. The observation is consistent with the assumptions made for 
the development of various fracture models. In TPFM, the LEFM equations are 
applied for computation of different fracture parameters in which only elastic part 
of the total CMOD is considered for determining the critical effective crack length. 
The loading and the unloading are performed for the measurement of elastic part 
of the total CMOD. The inelastic part of that CMOD is neglected in calculation 
which possibly results in relatively lower value of critical effective crack length and 
/Tj^. In ECM, the nonlinear P-8 (load-deflection) behavior before attainment of 
peak load is considered. Similar to compliance calibration method, the peak load 
and the corresponding midspan deflection (secant modulus) are used to evaluate 
the value of ag, whereas the initial slope of the P-& curve is used to determine 
the elastic modulus of concrete mix. In DKFM or DGFM, the linear superposition 
assumption (Xu and Reinhardt 1999) considering P-CMOD plot is used to obtain 
the critical effective crack length a^. This assumption can be applied to determine 
the fictitious effective crack extension for complete analysis of fracture process in 
concrete. For critical condition, the effective crack length is determined using secant 
CMOD compliance at peak load, whereas the elastic modulus of concrete mix may 
be determined using initial compliance of P-CMOD plot. Hence the linear superpo- 
sition assumption takes into account the nonlinearity effect in the P-CMOD curve 
before attainment of the unstable condition. This procedure seems to be similar to 
the method for calculating critical effective crack extension in ECM. From the above 
explanation it is clear that the K^^^ may be the lowest value, whereas the fracture 
parameters K^^^^ ^j™, A'j™ should be in close agreement. 



6.3.2 Effect of Specimen Size on CTODcs and CTODc 

The CTODcs obtained using TPFM and the CTODc evaluated using DKFM or 
DGFM are plotted with respect to the nondimensional parameter kh/D in Figs. 6.5 
and 6.6, respectively. 

It is observed from the figures that the CTODcs and CTODc maintain a defi- 
nite relationship with the specimen size for a given value of Gq/D ratio and they 
increase as the specimen size increases. It is also observed from the figures that the 
CTODcs and CTODc depend on the ag/D ratio for a given specimen size. The values 
of CTODcs are more scattered particularly for smaller size of specimens when com- 
pared among the different Uo/D ratios, whereas the values of CTODc are more closer 
and less scattered and appear to be in a narrow band for size range 100^00 mm 
considered in the study. 



6.3 Size-Effect Analysis Using Various Fracture Models 
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Fig. 6.6 Size-effect behavior of CTODc obtained using DKFM 
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A relationship between CTODcs and CTODc is presented in Fig. 6.7 in which the 
ratio CTODcs/CTODc is plotted with respect to the parameter Ich/D. 

It is seen from the figure that the ratio CTODcs/CTODc maintains a definite 
relationship with the specimen size and the ratio decreases as the specimen size 
increases. For ao/D ratio of 0.2, the value of CTODcs/CTODc is 0.625, 0.561 , 0.51 1 
and 0.509 for specimen sizes of 100, 200, 300, and 400 mm, respectively, and the 
same for Oq/D ratio 0.5 is 0.847, 0.686, 0.597, and 0.577, respectively. Neglecting 
the effect of Oq/D ratio, the mean values of CTODcs/CTODc for specimen size range 
100 and 400 mm are determined and found to be 0.734 and 0.535, respectively. 
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Fig. 6.7 Relationship between CTODcs and CTODc obtained using TPFM and DKFM 



It means that the predicted CTOD at critical load using TPFM is relatively more 
conservative than that predicted by DKFM or DGFM. 



6.3.3 Effect of Specimen Size on Ue ofECM and Uc of DKFM or 
DGFM 



The critical effective crack extension ratio Ce/D obtained using ECM and Qc/D 
computed using DKFM or DGFM are plotted with lc\i/D in Figs. 6.8 and 6.9, 
respectively. 

A similar trend on both the parameters a^^/D and Uc/D is observed from the fig- 
ures. The values of Qq/D and Oc/D ratios are dependent on Qq/D ratio and specimen 
size. The assumption for determining both the parameters Oe/D and ac/D is dif- 
ferent. The secant compliance at critical load on PS curve is used for evaluation 
of a^/D ratio, whereas the linear superposition assumption is applied on P-CMOD 
curve to determine the ac/D value. In the present calculation, the regression equa- 
tion (Karihaloo and Nallathamabi 1990) is used for evaluation of Of^/D ratio, while 
P-CMOD curve with linear superposition assumption is used for determining the 
Oc/D ratio. 

Finally, an interrelation between a^^^/D and Oc/D is plotted in Fig. 6. 10. 

It is interesting to observe from the figure that relationship between Oc/D and 
Oc/D ratios depends on the specimen size and geometrical factor. However, except 
for D = 100 at Oq/D — 0.5, the ratio Oe/flc is very close to 1, that is, effective 
crack extension at critical load obtained using ECM and DKFM or DGFM is almost 
equivalent for the size range considered in the study. 
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Fig. 6.8 Size-effect behavior of a^/D obtained using ECM 
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Fig. 6.9 Size-effect behavior of a^/D obtained using DKFM 



6.3.4 Relation Between Cf of SEM and Ucsoo ofTPFM 

From Table 6.2 it is seen that cf slightly varies with the Oq/D ratio. For compari- 
son purpose, the mean value of Cf is obtained as 36.5 1 mm and the mean value of 
flcsoo is found as 22.40 mm. The ratio of Ocs^/cf is 1.630, which shows that the 
effective crack extension for infinitely large structures predicted by TPFM is more 
conservative than the same predicted using SEM by about 38.64%. 
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Fig. 6.10 Relationship of the equivalent critical crack extension obtained using ECM and DKFM 



6.4 Closing Remarks 

In the present chapter, the size-effect analysis of various fracture parameters 
obtained from the important existing fracture models was presented. The fracture 
parameters were determined on three-point bending test of size range 100-400 mm 
for which the input data were obtained from cohesive crack model. A compara- 
tive size-effect study was carried out using the possible fracture parameters from 
TPFM, SEM, ECM, DKFM, and DGFM. In general, it was observed that all the 
fracture parameters were dependent on geometrical factor and specimen size. From 
the present numerical study the following remarks can be highlighted: 



The fracture parameters of all the fracture models including double-^ and 

double-G fracture parameters exhibited size-effect behavior. 

The critical stress intensity factors obtained using SEM, ECM, DKFM, and 

DGFM appear to be close to each other with an error range of ±20%. 

TPFM predicted the most conservative critical stress intensity factor. 

The fracture parameters of double-A" and double-G fracture models predicted the 

results very close to each other at initial cracking and unstable cracking loads. 

The crack-tip opening displacement at unstable fracture load predicted using 

TPFM was more conservative than that predicted using DKFM or DGFM by 

about in the range of 27^7%. This value was obtained on the basis of the mean 

values of crack-tip opening displacement at unstable fracture load from TPFM 

and DKPM or DGFM for specimen size 100 and 400 mm, respectively. 

The critical effective crack length obtained using ECM and DKFM or DGFM 

was very close to each other. 
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• The effective crack extension for infinitely large structures predicted by TPFM 
was more conservative tiian the same predicted using SEM by about 39%. 
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Appendix 



(Set the initial values of 
/, E, V, Gf, softening function, B, D, 
S/D (dimensions of the specimen), a,. 



Fix up fracture nodes and evaluate [K], {C), [pg] of Eq. (3.13) and 
(Dp), Dl, Dg of Eq. (3.23) from standard linear elastic FEM having 
2-D, 4-noded quadrilateral elements for each structure dimensions. 



Define initial tip node no. = k''' and end node no. = «''', 
evaluate, F^^ = Bhf^ for all of values of / except for i = k and i 
= n. For i = k and ( = n, F^^^ = Bhf] II. 



Define cohesive zone nodes 7 = 

= (/+l). (/+2), ,n. 



k, (/:+l),. . ..,/ and undamaged zone fory 



Open the U ' node and evaluate cohesive force across the opened node 
pair. Solve the nonlinear simultaneous Eq.(3.22) for 

{^Lc}/=t(/t+i) (/-I) using Newton-Raphson's method and Fusing 
Eq. (3.21). 



Going back to Eqs.(3.20), (3.19), (3.17), (3.16), (3.15) and (3.14), it is possible to 
determine all unknown values of [w], [p] and determine i using Eq.(3.23). (This 
is First Stage calculation). Save P, w and 6. 




Fig. A.l Flowchart of fictitious crack model 
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Appendix 



Set the initial values of B, D, S/D, 
a„, P„, E and P„ = P.ues, + WgS/2 
(Eq. (2.22)) for load acting in 
downward direction in TPBT for at 
least three beams of different sizes 



Determine a^^^^^ (see Eq. (2.23)) and plot values of Xj and Yj 
as per Eq. (2.24) and Fig. 2.20 



Determine constants A and Cof Eq. (2.25) using linear 
regression for which the slope of the regression line, 
coefficient of variation of the intercept and relative width 
of the scatter-band should not be greater than 0.1, 0.2 and 
0.2 respectively 



Determine g(cu,) and g '(a,,) of Eqs. (2.27) and (2.28) 
respectively 



T 



Determine G^g and c^ using Eq.s (2.27) and (2.28) respectively 



Stop 



Fig.A.2 Flowchart of SEM 
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Set the initial values of 
/„ Gf, softening function, B, D, S/D (or 
dimensions of particular test geometry), a^^. 
P,„ CMOD^. 




Determine E from LEFM Eqs. (4.22- 
4.23) or (4.25^.26) or (4.28^.29) 
for given test geometry 



Determine a^. solving Eqs. (4.22^.23) or (4.25-4.26) or (4.28^.29) 
for a given test geometry using a = a^ and C„ = CMOD^./P^, 



Determine CTOD^ using Eq. (4.45) with x = a„ and a = a^. and 
crs(CTOD^) for a given softening function 



<<[' If P„„ is known J^ 


==~ 


i 




Determine Kj^-"" for a = a^. and P 
= P„ and A',^""for a = a„ and P = 
P,„, using LEFM equations for 
particular test geometiy 


Determine A'^^'^ using either numerical 
integration or weight function or simplified 
method (see Sec. 4.5.4) 




i 








Determine K,f!"' using LEFM equations for 
particular test geometry for a = a^. and P = P„ 
and /fjc"" using Eq. (4.42) 






„ 




' 


' 



Stop 



Fig.A.3 Flowchart of DKFM 
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Appendix 



Set the initial values of 
/, , Gp softening function, B, D, S/D (or 
dimensions of particular test geometry), a^^. 
P„, CMOD^ 




Determine E from cylinder test 



Determine E from LEFM Eqs. (4.22- 
4.23) or (4.25^.26) or (4.28^.29) 
for given test geometry 



Determine a^ solving Eqs. (4.22^.23) or (4.25^.26) or (4.28^.29) 
for a given test geometry using a = a^. and C„ = CMOD^/P,^ 



Determine CTOD^ using Eq. (4.45) with x - 
as(CTODJ for a given softening function 



fl„ and a = ci. and 




Determine Gfc 
of Eq. (4.74)) 



using numerical integration 



T 



Determine G,^."" for a = a^ and P 
= P„ and G,c"" for a = a„ and P 
= Pi,,i using LEFM equations (Eq. 
(4.66) for TPBT and Eq.(4.69) 
for CT specimen) 



Determine Gk"" for a = a,, and P = P„ using 
LEFM Eq. (4.66) for TPBT and Eq.(4.69) for 
CT specimen and Gic" using Eq. (4.75) 




Fig. A.4 Flowchart of DGFM 
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Set the initial values of 
/, , Gf, softening function, B, D, S/D (or 
dimensions of particular test geometry), o,,. 
P„. CMOD, 




Determine E from LEFM Eqs. (4.22- 
4.23) or (4.25^.26) or (4.28^.29) 
for a given test geometry 



Determine o,. solving Eqs. (4.22^.23) or (4.25^.26) or (4.28^.29) 
for given test geometry using a = a^. and C„ = CMODJP^^ 



Determine CTODj. using Eq. (4.45) with x = a„ and a = a^ and 
cjs(CTODJ for a given softening function 




Determine Ki^f using either numerical 
integration or weight function or simplified 
method (see Sec. 4.5.4) 



Determine S',^"" for a = a,, and P 
= Pii and K,(J"' for a = a„ and P = 
P„„ using LEFM equations for 
particular test geometry 



Determine K,q"" using LEFM equations for 
particular test geometry for a = a^ and P = P„ 
and ^,c"" using Eq. (4.42) 



Compute effective length of crack extension at every load point of P-CMOD curve using 
Eqs. (4.22-4.23) or (4.25-4.26) or (4.28-4.29) for a given test geometry. 



Determine K['" using analytical method 
or weight fimction method 



X 



Compute the Kg. curve using Eq. (5.2) 



Stop 



Fig. A.5 Flowchart of the A'r curve associated with cohesive stress distribution in FPZ 
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Fig. A.6 Flowchart of TPFM 



Set the initial values of S, D, S/D, 
a„, C, (initial compliance) C„ 
(unloading compliance within 0.95 
P„) for TPBT from closed loop 
testing and load acting in 
downward direction 



i 


Determine E from Eqs (4.22) and (4.23) using a = a,, and 
C, = CMOD/P 


" 




Determine a^. solving Eqs (4.22) and (4.23) using a 
= fl,. and C„ = CMOD/P 





Compute CMOD, using Eqs. (4.22) and (4.23) in 
P„ = P,ue.,t + WgS/l and a = a,. 



Determine CTOD^^ using Eq. (4.45) with x = fl„ and a = a^ 
and Ki^ using LEFM equations (3.51) and (3.52) 



Stop 



Set the initial values of B, D, S/D, 
a,„ P„, d„, E and P„ = P„ ,„, + WgS/2 
(Eq. (2.22)) for load acting in 
downward direction in TPBT 



. 


r 


Determine aJD (see Eq. (2.34)) from known values of the 
pai'ameters a^JE, a„/D and (l+d^/D) 


1 


. 


Determine A",,-.'' using LEFM equations (3.51) and (3.52) 
for known values of aJD and P„ 

[See Ref Karihaloo and Nallathambi (1991) of Chapter - 2 
for details] 


' 


' 



Fig.A.7 Flowchart of ECM 
using regression method 



Stop 
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